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SUMMAR'Y

This article develops a general framework for applying algebraic multigrid techniques to constrained
systems of linear algebraic equations that arise in applications with discretized PDEs. We discuss
constraint coarsening strategies for constructing multigrid coarse grid spacesand seweral classesof
multigrid smoothers for these systems. The potential of these techniques is investigated with their
application to contact problems in solid mechanics. Copyright °c 2000 John Wiley & Sons, Ltd.
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1. Introduction

This paper investigatesthe construction of algebraicmultigrid (AMG) methods for constrained
linear systems|saddle point problems or KKT systems.Saddle point problems, di®ererial
equationswith equality constraints of the form:
y M CT'IT uu‘ﬂ ) ufﬂ ,
cC o T g

B

b (1)

where K is a large, possibly singular, matrix from a discretized PDE, C is a matrix of
constraint equations, u are the primal variables and , are Lagrange multipliers, arise in
many applications from cortact in solid medanics to incompressible °ow and problems
in mathematical optimization with PDE systems. Seweral approaces have been developed
for these problems, given a solver for the primal matrix K, namely Uzawa's method [4],
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2 MARK F. AD AMS

projection methods [18] and Schur elimination (or static condensation techniques). These
methods decouple the primal and dual equations, and though they are useful and have their
placein the repertoire of methods for solving theseproblems, they all su®ersomeshortcomings
(eg, not general, scalable,robust, or costly).

Multigrid methods (eg, [12, 20, 10]) are amongthe most excient iterativ e schemesfor solving
the linear systemsassaiated with elliptic partial di®ererial equations. Multigrid methods
are well known to be theoretically scalable for H -elliptic operators, both scalar problems
like Poisson'sequation, and systemsof PDEs like displacemen nite elemert discretizations
of elasticity [7]. Hence, multigrid is a natural choice for solving solid mecdanics problems.
Multigrid has beenapplied to structured grid problems for decaded[9]. In the past ten years,
multigrid methods have beendeweloped for unstructured problems aswell. One such method,
that has proven to be well suited to elasticity problems, is smoothed aggregation[21, 2, 16].
We use smoothed aggregation as the primal solver, in the Uzawa algorithm, for our contact
problemsin solid medanics and asthe primal solver in the methods dewveloped in this study.

This paper investigatesthe developmert of fully coupled algebraic multigrid methods for
solving saddle point problems. Multigrid methods that solve the coupled constrained system
have the potential to mitigate the problems assaiated with known approades (eg, be about
as expensiwe as a solve of a similar non-constrained problem, not require altering the primal
system, accommalate any type of constraint e+ciently and be robust).

The remainder of this paper intro ducesa generalframework for applying algebraic multigrid
techniguesto constrainedsystemsof equations.This includesa generalframework for designing
AMG methods to KKT systems,and coarseningstrategies for constraints in x2, and seweral
approadesfor constructing smoothers for KKT systemsin x3. Thesetechniquesare applied to
contact problemsin solid medanics, with example problems from an industrial "nite elemen
application in x4; and we concludein x5.

2. AMG framework for constrained linear systems

A multigrid, or multilevel, method for a particular discretized PDE has two primary
componerts: 1) the coarsegrid spacesand 2) the smoother for ead level. These coarsegrid
spacesare usedto construct the restriction operator R, which is usedto map residuals from
the ne grid | to the coarsegrid | + 1, and the prolongation operator P that is usedto map
corrections from the coarsegrid to the ne grid (P = RT for all methods consideredhere
and we avoid level superscripts). Note, the columns of P are a discrete represenation of the
coarsegrid spaceon the ne grid. The smoother in multigrid is an inexpensiwe solver (eg, one
iteration of Gauss-Seidellusedto reducethe error on ead grid that is not e®ectiely reduced
by the coarsegrid correction; multigrid methods are designedto be applied recursively until
the coarsestgrid is small enoughto be easily solved accurately, usually with an exact solver.
SeeBriggs, and the referencestherein, for a introduction to multigrid and to methods for
common PDEs [10].

Algebmic multigrid (AMG) canbe de ned in the broadestterms asa multigrid method that
internally constructs the coarsegrid operator, usually via a Galerkin process,as opposedto
having the coarsegrid operators provide by the application. For ne grid |, given a restriction
operator R and a prolongation operator P, the Galerkin coarsegrid is constructed via the
matrix triple product A'** A RA'P.

Copyright °c 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:1{6
Prepared using nlaauth.cls



To apply a Galerkin processto the operator in equation 1, care must be taken to insure
that the structure of the coarsegrid operator is identical to that of the "ne grid, to allow the
processto be applied recursively. One solution to this problem is to construct the coarsegrids

as follows
Hiak p chTﬁﬂ M oﬂ“K cTwﬁ oﬂ 2
RCP o C oR c 0o o P (2)

An attractiv e property of this formulation is that the coarsegrid spacesare at least formally
separated.The operator P, the prolongator from the multigrid method for the discretized PDE
in the primal part of the system, is a well studied topic for someclassesof PDEs and can be
presumedto be available. Only the operator P, the constraint coarsegrid spacesneedsto be
dened|the remainder of this section discusseghe construction of P.

2.1. Coarse grid spaces for Lagrange multipliers

The selection of the coarse grid spacesis critical in the construction of any multigrid
method; the construction of these spacesfor constraint equations has not been address,to
our knowledge. First, considerthe simplest choice of P: the identity. The identity can be an
appropriate choice for sometypes of constraints, in particular, constraints that have many
nonzero values and are few in number (eg, rigid body mode constraints), are probably best
sened by the identity. Many important classesof constraints, however, require coarseningto
avoid complexity problemsand to avoid overdeterminedor ill-conditioned coarsegrid matrices.

2.2. Constructing P for contact problemsin solid mechanics

This section describes our approach for constructing P with particular emphasison solid
medhanics applications with cortact. For simplicity we restrict ourselvesto piecewiseconstart
constraint coarsegrid spaceshenceP is block diagonal with columnsthat contain zerosand
ones(in practice thesecolumnsare normalizedto have atwo norm of 1:0). The attraction of this
choicefor P is that aggregationtechniquescan be employedto construct thesespacegelatively
easily Aggregation techniques are often used in AMG algorithms, but their application to
constraint equationsis not obvious because for one, there is no squarematrix, or graph G, to
use for common aggregation strategies. Thus, the rst task is to de ne a suitable graph. The
matrix inner product GA CYCT, whereY is a matrix to be determined, is one such choice
for G.

The identity is a natural choice for Y, but in the caseof contact constraints this can lead
to slow coarsening,via standard \greedy" aggregation strategies, and coarsegrid constraint
matrices which are nearly rank de cient due to equations being nearly identical under
some conditions. Greedy aggregation strategies, based on maximal independert sets[1], are
attractiv e becausethey are relatively easyto implemert in parallel and we have experiencein
deweloping them, but partitioning algorithms can also be usedfor this purpose[2]. We have
studied seweral choicesfor Y and have selectedPPT . This choiceof Y hasthe e®ectof applying
the coarseningof the primal equationsto the columnsof CT (ie, PT C), and using this matrix
inner product to construct the aggregationmatrix G = CPPTCT.

This choice of G is motived by the deterioration in corvergencethat we have obsened in
coarseningconstraints from contact, namely, that the coarsegrid constraint equations can
becomenearly linearly dependert. This choice of G allows us to directly bound the angle
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4 MARK F. AD AMS

between coarsegrid constraint equations. This is due to the construction of the constraint
matrix ongrid |+ 1 from grid I: C'*1 A PTC'P (from equation 2). The dot product, and hence
the angle, betweentwo coarsegrid constr&rint equations are clgﬁ?elyrelated to the o®diagonal
. | | .

ertries (edges)of G, becauseC'** 'C'*1 ' = BPTC!PPT 'C'" P = PTGP. BecauseP is a
simple aggregation operator, a bound on the minimum angle between constraint equations
is closely related to the maximum edgecut in the partitioning of G. Thus, standard graph
partitioning principles, of minimizing the maximum edge cut, can be employed to directly
maximize the minimum angle betweencoarsegrid constraint equationsand thereby improving
the condition of the coarsegrid operator vis-a-vis nearly linear dependen constraint equations.

Multigrid theory indicates that aggregatesshould be composed of strongly connected
subdomainsand it is commonto apply heuristics in the aggregationalgorithms to accomplish
this [21]. Though, we are not aware of an analysis that provesthat this is the casefor the
aggregationof the constraints, it is intuitiv e to believe that it is so. For instance, the contact
constraints consideredin this study are enforcedwith a simple point-on-surface technique in
which a \slave" node on one contact surfaceis constrainedto lie on a \master" quadrilateral
faceof the other contact surface.Furthermore, our application implemerts friction by xing all
three degreesof freedomon a slave node to the master surface, this results in three equations
that involve the "ve nodes in eah contact constraint. These three equations are however
orthogonal, and it is natural to expect that it would be advantageous for the aggregation
strategy to interpolate these equations separately (ie, interpolate 'x' direction constraints
separatelyfrom 'y' and 'z' direction constraints, and soon). This criterion can be achieved by
optimizing a standard graph partitioning metric, that of maximizing the edgeweights within
an aggregateto produce strongly connected subdomains. Note, one complication with our
choice of Y is that the P from somemultigrid algorithms will weakly couple these equations,
that is, the information of their strict orthogonality is lost.

2.2.1. Aggregation algorithm for contact in solid mechanics The choice of piecewiseconstart
interpolation requires a disjoint decomposition of the nodes, or rows, of the provided
aggregation graph G, described in the previous section. First, given tolerance °, the graph
G is modi ed by removing all edgesw;; < °. We usea variant of a \greedy" parallel maximal
independert set (MIS) algorithm [1]. De ne the edge weight betweentwo nodesi and j as

wi = {J'GG”—(J3 De ne the node weight w(i) for nodei, by w(i) = Wﬁ . The node order in
i Bjj

the greedy MIS algorithm starts from the highest to the lowest node weight or alternativ ely
theseweights are usedto assignthe \random" numbersusedin the parallel randomized MIS
algorithm [13].

Thus, given an aggregationgraph G, and a tolerance °, construct a maximal independert
set S. For convenienceof exposition, assumethe nodesin G are ordered with the nodesin S
‘rst and construct initial sets C; with ead node j in S (ie, C; = fjg). Next, for all nodes
i 2GnS, addi to the aggregateC;j maxj>s w; (the de nition of an MIS insuresthat suc a
node,j 2 S, exists for all nodesi 2 GnS). ThesesetsC; de ne the prolongator as follows

Vo oo
po= IGI 2 if i 2 Cj
! o; otherwise

This de nes the coarsegrid spaces,for the constraint equations, usedin this study, with
a values® = 0:2 and leavesonly the de nition of the KKT smoothers to provide a complete
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multigrid method.

3. Smoothers for constrained linear systems

Smoothersfor constrainedsystemsare a simpler matter than the construction of the coarsegrid
spaces,if for no other reasonbecauseprevious work on this topic is informativ e. Schulz used
structured geometric multigrid for optimization problems and dewveloped a stable incomplete
factorization for M-matrices, by ordering the constraints after all primal equationswith which
they interact [19]. Note, this technique of ordering the constraints after all of the primal
equations with which they interact is a componert of most methods. Vanka usesstructured
geometricmultigrid for incompressible°ow problemswith a multiplicativ e Schwarz, constraint
certric method [22]. Segregatedmethods, or preconditioned Uzawa, have been investigated
by Braess and Sarazin for the Stokes problem [8], and generalized by Zulehner [23]. We
investigate variants of these three smoothers: 1) processorblock incomplete factorizations
(ILU) aspreconditionersfor a Chebyshev polynomial [3], 2) segregated(Braess) methods and
3) a constraint certric (Vanka) Schwarz methods.

The ILU preconditioner is the processorlocal level ‘1l ILU method in PETSc with level I
of one; the constraint equationsare ordered last on eat processorand the processor'sprimal
equationsare ordered with nesteddissection(note, this is not a provably stable method). The
following two sectionsdescribe the other two smoothers investigated here: segregatedmnethods
in x3.1, and a constraint certric Schwarz method in x3.2.

3.1. Saregated KKT smaothers

Consider a block factorization of the KKT system

Moert Mk o TH kier!

cC 0 - cis o0 | )

where S = CK i 1CT is the Schur complemen. This factorization suggeststhe use of the

preconditioning matrix
u 1 2} . 1
_ K 0 . i1,_ | KilCT
M_CiS’M A—0 | 4)
and is attractiv e becausethe preconditioned systemM i A is well conditioned in that all of
its eigenvalues are 1.0 and the Jordan blocks of size at most two [15], if an exact solver is
usedfor Si t and Ki 1.

The action of Ki ! is approxjmated with a common smoother for the primal part of
the system A(f ). The action of 'ckitcT s approximated with an approximate Scur
complemernt Q = C'Di 1CT, whereD is an approximation to K (eg, D is the diagonal of K ).
The dual smoother, $(g), usedin this study is processorblock Jacobi, with exact subdomains
solvesof Q on ead processor.Thesechoicesfor the segregatedsmoother resultsin the following
algorithm, give an initial guess, ! and ul, a primal smoother A(f ) and the dual smoother $(g):

utt Ad + A K CT )
LR T+ §cuitt g)

5
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6 MARK F. AD AMS

Note, this is equivalert to one iteration of the preconditioned Uzawa algorithm without
regularization [11].

This smoother can by symmetrized with a secondapplication of the primal smoother as
discussedby Bank, Welfert and Yserertant [6], as follows,

Ao, U =f; AU cT,}
gl im

A\iuj+1i 0j+1¢: i c' R

B 5

¢ .
I"=co*t g
i ¢

The symmetrized form is usedin this

3.2. A constraint centric SchwarzKKT smaother

The secondsmoother that we investigate is a constraint certric overlapping Schwarz method.

The approad is similar to that usedby Vanka [22], in that overlapping Schwarz subdomainsare
formed from a non-overlapping decomposition of the constraints. Vanka usesone constraint per
subdomain, we use much larger aggregates|all of the constraint equationson ead processor
(in the current implementation). Each of these sets of equationsis augmerted with all of the

primal equationsthat interact with any of these constraint equations. Thus, each subdomain

is a small KKT systemand can be interpreted in physical terms, asthe matrix resulting from

applying Dirichlet boundary conditions to the nodesin the problem not touched by any of
the constraint equations in the aggregate. These subdomain solves are stable becauseead

subdomain is a small, well posed,KKT systemand thus a factorization, with the constraints

ordered last, is well de ned and doesnot require pivoting.

These aggregatesare usedto construct an overlapping additive Scwarz componert (Bg)
with exact subdomain solves. An additiv e formulation is usedfor easeof parallelization, and
the solution for the primal variablesis updated only from the local solve on ead processor.to
negatethe e®ectwf \o vershaoting” the solution in the overlap region. That is, eat subdomain
solve restricts the residual for the ertire overlapping domain (th us requiring inter-processor
communication), performs the local subdomains solve (with a factorized matrix that includes
rows from other processors)but only updateslocal nodesand therefore discardssolution values
that would otherwise be communicated in a full overlapping additive Schwarz approad.

As with the segregatedsmaoother, a smoother for the primal part of the systemis assumed
to be available and is denoted, in matrix form, as Mi ! (not to be confusedwith the M
above). The, primal part (domain) of the smoother is de'ned by By = RyMi R, where
Rp=1 0. The¢dual part of the smoother is de ned by B4 = (B1 + B, + ¢¢¢+ By), where
B, = RiT 'Ri K RiT i1 R;, for eadh subdomain i. The matrices R; and R; are simple extraction
operators (matrices with only onesand zeros),and with the proper node ordering, R; is block
diagonal, but R; is not becauseof overlap. That is, R;j is constructed by dropping terms in R;
that result in communication.

The constraint certric overlapping Schwarz method is constructed with an additive and a
multiplicativ£e varianltjT The multiplicativ econstrgint certrg% Scwarz smoother is, with ainitial

guessxo = ul ,§ ' andright hand sideb= fJ ¢l ', dened as

RA Xo+ (Bp+ Bgi BgABp) (bi Axo) (5)
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that is, the standard multiplicativ e Schwarz method with two subdomains. The additiv e version
is de ned as
RA xo+ (Bp+ Ba)(bi Axo) (6)

that is, the standard additive Schwarz method with two subdomains. The additive variant
is used as a preconditioner for an appropriately damped iterative scteme|Cheb yshev
polynomials [3]. The multiplicativ e variant is used with a multiplicativ e primal smoother
(symmetric Gauss-Seidel).

4. Numerical results with contact problemsin solid medcanics

This section investigatesthe e®ectivenessof the algebraic multigrid methods for constrained
systems(AMG/KKT) deweloped herein with two problemsin solid medianics. The problems
are run with the Adagio nonlinear quasi-static solid medanics application from Sandia
National Laboratory [14]. Note, Adagio's implementation of friction results in "xing the slave
node on the corresponding master surface,resulting in three Lagrange multipliers per contact
interaction.

The solver algorithms are implemented in the linear solver padkage Prometheus[17], which
is built on the parallel numerical package PETSc [5]. Prometheus provides three algebraic
multigrid solvers for the primal system|smo othed aggregation is used in this study [21].
Becausethe smoothers are not, in general,symmetric and the preconditioned systemsare not,
in general, positive the AMG/KKT methods use GMRES as the solver|preconditioned with
oneiteration of V-cycle multigrid.

The Uzawa solver usesconjugate gradient (CG), preconditioned with one multigrid V-cycle,
as the primal solver. All solves use one pre and post smoothing step, with an exact solver
for the coarsegrid. The system are solved with a tolerance of 10" 12, that is corvergenceis
declaredwhen the solution % satis esjbj ARj < 10" 1?jh.

We investigate our aggregation method for the constraint coarse grid spaces, within
our AMG/KKT framework, and four smoothers: 1) ILU preconditioner for a Chebyshev
polynomial, 2) the segregatedsmoother with an additive primal smoother, and both the 3)
additive and 4) multiplicativ e variant of our constraint certric Schwarz method. The ILU
preconditioner is the processorlocal level 11 ILU method in PETSc with level Tl of one;the
constraint equations are ordered last on ead processorand the processor'sprimal equations
are ordered with nesteddissection (note, this is not a provably stable method).

The performanceof our AMG/KKT solversis comparedto an Uzawa implementation which
is the standard method usedin Prometheus and has been highly re ned and thus provides
a good standard for comparison. Additionally the augmertation factor for the regularization
required with Uzawa'a method has beenhand optimized to provide the best performanceand
thus, represerts our best e®ortto solve these systemswith Uzawa.

4.1. The \cir cles" problem

The test rst problem, known as the circles problem, is a disk within a ring within a circular
cutout and is shown in Figure 1. The middle ring segmet hasan elastic modulus 10? times that
of the \soft" material of the certral disc and outer cutout plate. All materials have a Poisson's
ratio of 0:3. This problem has two layers of hexaheral elemerts through the thickness, 7236
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Figure 1. Adagio's \circles" problem

primal equations (minus the Dirichlet boundary conditions) and 180 point on surface contact
interactions with a total of 420 Lagrange multipliers. Note, the sliding boundary conditions
on the top and bottom surface result in the smoothed aggregation algorithm having the
samesemairics and the plane aggregationalgorithm due the preseris of Dirichlet boundary
conditions on all elemerts. Two multigrid levels are used for this problem and only the rst

linear solve is investigated. The problem is run on eight Sun processorand PETSc achieves
about 400 M°ops/second in the matrix vector product on the ne grid matrix.

Figure 2 shaws the residual history, as a function of time (measuredin units of the time for
onematrix vector product on the ne grid), of the four smoothers in the AMG algorithm, the
Uzawa solver, and the additive constraint certric smoother usedas the solver.

This shaws that the smoother alone (as the solver) is stagnating as is expected becauseit
reducesthe high frequencyerror e®ectiwely but is slow at reducing the lower frequencycontent
of the error. The AMG/KKT solver with constraint certric smoothers, and the segregated
smoother, solve the problem in about two thirds the time of the Uzawa solver; and the ILU
smoother is noticeably slower than the other methods.

All four of the AMG/KKT smoothers use the processorsubdomains and are hence less
powerful as more processorsare usedfor a given problem. This is not necessarilya problem,
becausesmoothers are only responsible for the high frequency cortent of the error which can
be reducede®ectively with small Schwarz subdomains. To determine if this is indeedthe case,
in practice, the iteration courts for this problem on 1,2,4 and 8 processorsare tabulated in
Tablel. Table | shaws the iteration courts for constraint certric Schwarz (CCS) method, both
the additive and multiplicativ e variants, the segregatedsmoother, and the ILU smoother. This
data shaws that the smoothers are indeed essetially invariant to the number of processorgie,
the size of the subdomains) in this range of processors.
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Figure 2. Residual vs. Time (in matrix vector products on the ne grid) for the \circles" problem

Table I. AMG/KKT iteration counts vs. number of processors

| Smoothers l 1| 2| 4] 8|
Segregated 51 | 57 | 52 | 47
CCS (additiv e) 47 | 43 | 47 | 42
CCS (multiplicative) || 35 | 34 | 37 | 31
ILU 30 | 33 | 35| 32
Uzawa 100 | 122 | 127 | 106

4.2. The forging problem

The secondtest problem is showvn in Figure 3. This is from a simulation of a forging process
and hasabout 127K degreesof freedomand 64 constraint equationsafter the rst v e for time
steps, which are measuredfor this study. This is a nonlinear pseudo-static analysis with 've
\time" steps,with the “rst contact occurring in the third step.

The forge problem is run on eight processorsof an SGI Origin 2000and the matrix vector
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Figure 3. Adagio \forge" problem

product on the ne grid runs at about 500 M°ops/sec. Adagio usesa non-linear CG method
that can be \preconditioned" with a linear solver, Prometheus is usedin this casewith a
residual tolerance of 10' 4. Three levels of smoothed aggregation multigrid are used. Table 11
shows the total (\end-to-end") time for the simulation along with the time for the solution
phase(with the number of linear solves) and the solver setup phase.

Table Il. Solve and run times (sec) for the forge problem

| Smoothers | end-to-end | setup | solve (# of solves) |
Segregated 1722 307 839(235)
CCS (additiv e) 1877 327 951 (240)
CCS (multiplicativ e) 2302 308 1424(239)
ILU 4746 841 3270(242)
Uzawa 1758 297 893(238)

This data showsthat the ILU smoother is not competitiv e and that the other two smoothers

are competitiv e with a well optimized Uzawa solver.
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5. Conclusions

We have preseried a general framework for applying algebraic multigrid techniques to
constrained systemsof linear algebraic equationsthat shaws promise asand e®ective approact
to construct solvers for saddle point problems. We have deweloped one AMG method within
this framework, alongwith three classesf smoothers, and applied them to corntact problemsin
solid medhanics. Two of the smoothers, the segregatedand constraint certric Schwarz methods,
are at least competitive to a well optimized Uzawa solver on two test problems. The third
smoother, ILU, is not competitiv e|but we have not exploredthe designspaceof ILU methods,
to a signi cant degree,and hencelLU methods should not be discarded from consideration
in our opinion. We have demonstrated that our framework for applying algebraic multigrid
techniquesto constrained linear systemshas the potential of supporting robust, scalableand
fast solvers for this classof constrained linear systems.
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