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Abstract

A geometricalmultigrid algorithmfor vectorbasedformulationsfor electromagnetic�eld problemsdiscretizedby the
ConformalFinite IntegrationTechniqueis proposed.Thetransferoperatorsandthecoarsegrid operatorsareconstructedfor a

hierarchy of non-nestedgrids.A validationof thepresentedapproachis achievedfor electro-staticandmagneto-statictest
problemsfor whichadiscretePoissonandadiscreteCurl-Curl equationhave to besolvedrespectively. Experimentalresultsfor
theasymptoticcomplexity andfor theconvergencecharacteristicsin caseof discontinuousmaterialcoef�cients arepresented.

I . INTRODUCTION

In the®eldof computationalelectrodynamicstheFiniteIntegrationTechnique(FIT) proposedby Weiland[1] is awell
establishedmethod,which is usedin several commercialsoftwarepackages.TheFIT formulationprovidesa general
spatialdiscretizationschemefor the discretizationof electromagneticproblemswith arbitrarygeometries,e.g. static
problemsor calculationsin frequency or timedomainandis similar to FiniteDifferenceMethodswith vectorquantities.
TheConformalFinite IntegrationTechnique(C-FIT), ®rst introducedin [2], alleviatestheproblemof staircasingwhen
materialinterfacesarenot alignedwith thegrid, by introducinga meshindependentboundaryresolutiontechnique.A
geometricalmultigrid solver for scalarandvectorbasedformulationsof this C-FIT methodis presentedfor non-nested
Cartesiantensor-productgridsandtestedfor PoissonandCurl-Curlequationsrelatedto electro-staticandmagneto-static
problems,respectively. TheCartesiantensor-productgrid structureleadsto simplestructuredmatricesandfastmatrix-
vector multiplicationscomparedto thoserelatedto unstructuredgrids which are commonlyusedin Finite Element
Methods,while still featuringgooddiscretizationqualitiesdueto the C-FIT approach.Numericalinvestigationsare
performedto analyzethe convergencepropertiesof the developedmultigrid solver for both Poissonand Curl-Curl
equations.

I I . THE FINITE INTEGRATION TECHNIQUE (FIT)

In theFIT, Maxwell'sequationsin their integral form andtheconstitutivematerialrelationsaremappedontoadual-
orthogonal,staggeredgrid systemf G; eGg. Thegrid G is referredto astheprimarygrid containingverticesN i , edges
L i , facetsA i andvolumesVi , whereaseG is referredto asthedualgrid consistingof vertices eN i , edgeseL i , facets eA i

andvolumeseVi . Here,only Cartesiantensor-productgridsareconsidered.Theso-calledmetricmatricescontainthe
informationof thisgrid systemandarede®nedby

D L = diagfj L i jgi : L i 2 G ; D A = diagfj A i jgi : A i 2 G ; eD L = diagfj eL i jgi : eL i 2 eG ; eD A = diagfj eA i jgi : eA i 2 eG :

Insteadof ®eld quantities,integral statevariablesareusedto formulatetheproblem.Theelectricvoltage_e, magnetic
voltage

_
h, electric �ux

__
d andmagnetic�ux

__
b arede®nedby line integralsof the elementary®eld values~E (electric

®eld),~H (magnetic®eld),andintegralsovercell facetsof ~D (electric�ux density)and ~B (magnetic�ux density),

_ei =
Z

L i

~E ¢d~s;
_
h i =

Z

eL i

~H ¢d~s;
__
di =

Z

eA i

~D ¢d ~A;
__
bi =

Z

A i

~B ¢d ~A:
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Thecomponentsaregatheredinto thevectors_e = f _ei g,
_
h = f

_
h i g,

__
d = f

__
di g and

__
b = f

__
bi g. Furthermore,thecurrent

density ~J , thechargedensityQ, theelectricpotential© andthemagneticvectorpotential ~A aremappedontothedual
grid, i.e.,

__
j i =

Z

eA i

~J ¢d ~A ; qi =
Z

eVi

QdV ; Ái = ©jN i and _ai =
Z

L i

~A ¢d~s;

andarecollectedin thevectors
__
j = f

__
j i g, q = f q i g, Á = f Ái g and_a = f _ai g.

A. MaxwellGrid Equations(MGE)

The integral statevariablesareallocatedat the simplicial elementsof the primary or dual grid: _e at edges,
__
b at

facetsof theprimarygrid G, and
_
h at edges,

__
d at facetsof thedualgrid eG, respectively. This procedureenablesthe

discretizationof Maxwell's equationsin a straightforwardway. Usingtheintegral formulationof Maxwell's equations
on theintroduceddualorthogonalgrid systemf G; eGg asetof matrixequations,theso-calledMaxwell Grid Equations
(MGE), canbederived:

Z

A
(r £ ~E) ¢d ~A =

Z

@A

~E ¢d~s = ¡
Z

A

@
@t

~B ¢d ~A =) C _e = ¡
d
dt

__
b (1)

Z

eA
(r £ ~H ) ¢d ~A =

Z

@eA

~H ¢d~s =
Z

eA

¡ @
@t

~D + ~J
¢

¢d ~A =) eC
_
h =

d
dt

__
d +

__
j (2)

Z

V
(r ¢~B ) dV =

Z

@V

~B ¢d ~A = 0 =) S
__
b = 0 (3)

Z

eV
(r ¢~D) dV =

Z

@eV

~D ¢d ~A =
Z

eV
Q dV =) eS

__
d = q (4)

TheoperatorsC; eC andS; eS arethediscreteanaloguesto thecurl anddivergenceoperatorsof thecontinuousformu-
lation for theprimaryanddualgrid, respectively. They correspondto theexactsummationfor closedline integralsC,
eC or closedsurfaceintegralsS, eS onf G; eGg andthusprovide thetopologicalrelationsinductedby Maxwell's integral
equationsappliedto thegrid set.ThediscreteoperatorsC; eC; S; eS, alsodenotedastopologicaloperators,areincidence
matricesanddependonly on thegrid structure.Theiralgebraicproperties

SC = 0 ; eSeC = 0 ; C eST = 0 and eCST = 0;

mimic their analyticalcounterpartsdiv curl ´ 0 andcurl grad´ 0 andarenecessaryconditionsfor theconsistency of
theFIT formulation.Basedon theconceptof grid voltagesandgrid �ux es,theMGE representanexacttransformation
of thecontinuousMaxwell equationsontof G; eGg.

B. DiscreteConstitutiveRelations

In thenext stepthecontinuousconstitutive relationsarediscretizedyielding therelations

~D = " ~E =)
__
d = M "

_e ; ~H = º ~B =)
_
h = M º

__
b and ~J = · ~E =)

__
j = M ·

_e: (5)

Here,permanentelectricandmagneticpolarizationsareneglected.ThematerialmatricesM º , M " andM · represent
the discretereluctivity, permittivity andconductivity matrices,respectively. Beforeapplyingthe continuousmaterial
relation,the integral statevariableshave to betransformedinto their correspondingaverage®eld quantities.Thenthe
averaged®eld componentsare transformed,usingan averagedmaterialcoef®cient, into their correspondingintegral
statevariablesaccordingto

_ei

1
j L i j +3~E i

" i +3~D i

j eA i j +3__
di ; _ei

1
j L i j +3~E i

· i +3~J i

j eA i j +3__
j i ;

__
bi

1
j A i j +3~B i

º i +3~H i

j eL i j +3_
h i : (6)

The materialcoef®cientsusedin (6) areaveragedover the simplicesat which the corresponding®eld quantitiesare
de®ned:

" i =

R
eA i

" ~ni ¢d ~A

j eA i j
; · i =

R
eA i

· ~ni ¢d ~A

j eA i j
; º i =

R
A i

º ~mi ¢d ~A

jA i j
; (7)



where~n i is a unit normalvectorat eA i and ~mi is a unit normalvectorat A i , respectively. Thecompletetransformation
procedurefor all componentsof theintegral statevariablescannow bewritten in matrixnotation

__
d = eD A D " D ¡ 1

L| {z }
M " :=

_e ;
__
j = eD A D · D ¡ 1

L| {z }
M · :=

_e ;
_
h = eD L D º D ¡ 1

A| {z }
M º :=

__
b;

where
D " = diagf " i gi : eA i 2 eG ; D · = diagf · i gi : eA i 2 eG and D º = diagf º i gi : A i 2 G :

Thematerialmatricesarediagonalandthusrepresenta oneto onerelationbetweentheintegral statequantitieswhich
is a consequenceof the fact that the primaryanddualgrid intersecteachotherorthogonally. The introductionof the
ConformalFiniteIntegrationTechniquewas®rstproposedin [2] and[3] independently. In extensionof theclassicalFIT
[1] it is usinganexactnumericalevaluationof the integralsin (7) insteadof a trivial approximation.It appropriately
considerscurved materialinterfacesinside the cells of G (seeFig. 1 for " ). With this methodan easyto generate
Cartesiangrid structure,which leadsto simpleandnumericallyef®cientstructuredmatrixequations,canbeused,even
for problemswith curvedmaterialboundaryinterfacesandcomplicatedshapeboundaries.

G

G
1

2

GA

Fig. 1. Discretizationof materialdistribution in theC-FIT.

Thediscreteconstitutive relationscompletetheMaxwell Grid Equationsto handleelectromagneticproblemsin the
discretegrid space.Theaccuracy of thealgorithmis discussedin [8]. Recentpublicationson geometricdiscretization
methodsfor Maxwell's equationsshow that lowestorderWhitney-Finite Elementformulationscanbedenotedin the
form of (1) - (4) aswell, wherethe main differencebetweenthesemethodslies in the constructionprinciple of the
materialmatricesM " , M · andM º [4].

I I I . MULTIGRID

Multigrid (MG) solverscontaintwo basiccomponents,i.e., errorsmoothingoperationsanda coarsegrid correction
procedure.A two grid cycle [5] for thesolutionof thelinearsystemA huh = f h is depictedin Fig. 2. Thelower index
refersto thegrid level andtheupperindex to the iterationnumber. In the®rst stepthehigh frequency componentsof
theerrorof a solutionvectorum

h areeliminatedby a (pre-)smoothingmethodsuchasdampedJacobior Gauss-Seidel
relaxation. The index ¯ indicatesthe numberof relaxationsteps. The defectd

m
h = f h ¡ A hum

h of the smoothed
solutionum

h is projectedontoacoarsergrid by arestrictionoperatorR h . UsingtheprojectedproblemmatrixA h+1 the
correctiononthecoarsegrid is obtainedby adirectsolutionmethod,or by thesametwo-gridcyclemechanism,applied
to solve thecorrectionequationrecursively if thecoarsegrid systemis still too largeto besolveddirectly. Theobtained
correctionvectorvm

h+1 is interpolatedbackonto the®ne grid by a prolongationoperatorPh . The®ne grid correction
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m
h

²²

Phvh+1

OO

dm
h+1

//A h+1 vm
h+1 = dm

h+1

Fig. 2. Two-gridcycle.



vm
h is addedto theold solutionand®nally a (post-)smoothingmethodis appliedto getrid of thehigh frequency errors

introducedby theprolongation.Thiscoarsegrid correctionreducesthelow frequency errorcomponents.
The ingredientsfor this MG solver arethe grid transferoperators(R h andP h) andthe operatorsof the projected

problemA h for all grid levels. Thesegrid transferoperatorswill beconstructedbasedon geometricalconsiderations
andthusthey aredifferentfor voltage,�ux or volumequantities.Furthermore,a relationR = P T will not resultin a
consistentgeometricalprojectionmethodandthereforewasnotusedfor theconstructionof thetransferoperators.The
constructionof thetransferoperatorsis substantiallyeasierto de®nefor tensor-productgridswhichareconsideredwith
theC-FIT thanfor generalunstructuredgrids. Furthermore,thegrid f G h+1 ; eG h+1 g is constructedsuchthattheedges
L h+1 ;i 2 G h+1 areeitherparallelor perpendicularto the edgesL h;i 2 G h , which simpli®esthe constructionof the
transferoperatorsaswell. Thegenerationof themeshesf G h ; eG hg on thedifferentgrid levels,however, is non-trivial
in thecasewhenproblemswith largejumpsin thematerialcoef®cientshave to besolved. Here,thematerialinterface
surfaceshave to be taken into accountin a specialway, which meansthat at eachgrid level the grid pointsshould
preferablylie on thoseboundarysurfaces[5].

In the next two subsectionsno distinctionbetweenprimary anddual variablesis made,sincethereis no essential
differencein the constructionprinciple of the transferoperators.Furthermore,the valuesof integral statevariables
allocatedat edgesL , facetsA andvolumesV aredenotedby

_
L,

__
A and

___
V respectively. Thelengthof anedgeL will be

referredto asjL j, theareaof anfacetA will bedenotedasjAj andthevolumeof a cell V will bewritten asjV j. N h

denotesthenumberof grid verticesN.

A. Constructionof RestrictionOperators

Sincethegridsarenon-nested,thegrid pointsof thecoarsemeshdo not have to matchgrid pointsof the®nemesh.
Thegeometryfor theconstructionof therestrictionoperatorsR L for edgesquantitiesis sketchedin Fig. 3. Theedges
L h+1 donotnecessarilylie onold edgesL h . Henceanaverageoverthefour nearestedgesis computed.In thisapproach
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Fig. 3. Restrictionof integral statevariablesallocatedonedges

theaveragevalueis derivedwith respectto thedistanceto thenew edgeusinga linearinterpolationalgorithm

_
L 1

h+1 = wx
1wy

1
_
L P;1

h+1 + wx
2wy

1
_
L P;2

h+1 + wx
2wy

2
_
L P;3

h+1 + wx
1wy

2
_
L P;4

h+1 ; (8)

with thefactors

wx
i =

¢ x ¡ ¢ x i

¢ x
and wy

i =
¢ y ¡ ¢ yi

¢ y
:

TheprojectededgesL P;i
h+1 areconstructedfrom edgesor fractionsof edgesL j

h of the®negrid Lh . A linearweighting

with respectto theoverlapwaschosento determine
_
L P;i

h+1 , e.g.
_
L P;1

h+1 in Fig. 3 is derivedby
_
L P;1

h+1 = wz
1

_
L 1

h + wz
2

_
L 2

h +

wz
3

_
L 3

h andin general
_
L P;1

h+1 =
X

L j
h overlappingL P ;i

h +1

wz
j

_
L j

h ;
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Fig. 4. Restrictionof integral statevariablesallocatedon facets

wherewz
j = ¢ L j

h

jL j
h j

. A similarprojectionmethodis developedfor theconstructionof therestrictionoperatorsR A of facet

quantities(Fig. 4). In this casethenew facetlies betweenold facets.Therefore,thenew facethasto be interpolated
usingthe old facets.Similar to the constructionof the projectionof edgesa linear interpolationprocedureis applied
with

__
A

1
h+1 = wx

1
__
A

P;1
h+1 + wx

2
__
A

P;2
h+1 ; (9)

wherewx
i = ¢ x¡ ¢ x i

¢ x . TheprojectedfacetsAP;i
h+1 arecomposedof facetsandfractionsof facetsA j

h respectively, of the

®negrid Ah . Againa linearweightingwith respectto theoverlappingareais appliedto determine
__
A

P;i
h+1

__
A

P;i
h+1 =

X

A j
h overlappingA P ;i

h +1

wA
j

__
A

j
h ;

wherewA
j = ¢ A j

h

jA j
h j

. Accordingto this projectionpropertiestherestrictionoperatorsR L , eR L , R A , eR A : R3N h £ 3N h !

R3N h +1 £ 3N h +1 canbe constructed.The constructionof the restrictionoperatorsR V , eR V for volumequantitiesdoes
not involve angeometricalprojectionasin (8) and(9). All new cellsVh+1 arecomposedof fractionsof old cellswith
thevolume¢ V j

h . Therestrictionoperatoris constructed,suchthat

___
V h+1 =

X

V j
h overlappingVh +1

wV
j

___
V

j

h ;

wherewV
j = ¢ V j

h

jV j
h j

. For the restrictionoperatorR N of thevariablesallocatedon nodes,e.g. Á, a linear interpolation

schemewasusedto obtainthe valueson the coarsegrid. In this way the restrictionoperatorsR V , eR V , R N , eR N :
RNh £ N h ! RNh +1 £ N h +1 canbeconstructed.

B. Constructionof ProlongationOperators

Theconstructionof theprolongationoperatorsis similar to thatof therestrictionoperators.Theunknown ®ne grid
quantitieshaveto beinterpolatedfrom thecoarsegrid quantities.Thegeometryfor theconstructionof theprolongation
operatorsP L for edgequantities,is sketchedin Fig. 5. Thefour closestedgequantitiesof thecoarsegrid areprojected
on theedgesof the®negrid by thelinearinterpolatedscheme

_
L P

h+1 = wy
1wx

1
_
L 1

h+1 + wy
1wx

2
_
L 2

h+1 + wy
2wx

1
_
L 3

h+1 + wy
2wx

2
_
L 4

h+1 ;

with thefactors

wx
i =

¢ x ¡ ¢ x i

¢ x
and wy

i =
¢ y ¡ ¢ yi

¢ y
:
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Fig. 5. Prolongationof integral statequantitiesallocatedonedges.

In thenext steptheprojectedquantity
_
L P

h+1 is dividedaccordingto thelengthsof theedgesof the®negrid Lj
h overlap-

pingwith L P
h+1

_
L j

h =
X

L P
h +1 overlappingL j

h

wz
j

_
L P

h+1 ;

wherewz
j = ¢ L j

h
jL P

h +1 j
. Theprolongationof thefacetbasedquantitiesis depictedin Fig. 6. Thefacetsof thecoarsegrid

areprojectedon the®negrid andinterpolatedaccordingto
__
A

P
h+1 = wx

1
__
A

1
h;1 + wx

2
__
A

2
h+1 ;

wherewx
i = ¢ x¡ ¢ x i

¢ x . The projectedfacetsarecomposedof facetsof the ®ne grid. Eachfacetof the ®ne grid is
composedof one,two or four projectedfacetsAP

h+1 . Thefacetquantitiesof the®negrid arethereforederivedby

__
A

j
h =

X

A P
h +1 overlappingA j

h

wA
j

__
A

P
h+1

wherewA
j = ¢ A j

h
jA P

h +1 j
. In this way the prolongation operatorsP L , ePL , PA , ePA : R3N h +1 £ 3N h +1 ! R3N h £ 3N h can
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Fig. 6. Prolongationof integral statequantitiesallocatedon facets.

be constructed. Similar to the restrictionprocessthe prolongation for the volume quantitiesdoesnot involve any
geometricalprojections.ThevolumesVh of the®negrid arecomposedby fractionsof volumes¢ Vj

h of thecoarsegrid.
Thereforetheprolongationreads

___
V h =

X

V j
h +1 overlappingVh

wV
j

___
V

j

h+1 ;



wherewV
j = ¢ V j

h
jVh +1 j . Again theprolongationoperatorP N for valuesallocatedon nodesis built usinga linear interpo-

lation schemeto obtainthe®ne grid valuesfrom thecoarsegrid values.Accordingly, theprolongationoperatorsPV ,
ePV , PN , ePN : RNh +1 £ N h +1 ! RNh £ N h areconstructed.

C. Projectionof Problem

Thetransferoperatorsdevelopedabove canbeusedto transferall integral statevariablesbetweenthedifferentgrid
levels. An overview is givenin thetablebelow. Furthermorethetransferoperatorscanbeusedto createthegeometry

VerticesN EdgesL FacetsA EdgeseL FacetseA VolumeseV

Statevariables Á _e , _a
__
b

_
h

__
d ,

__
j q

Transferoperators R N , PN R L , PL R A , PA eR L , ePL eR A , ePA eR V , ePV

andmaterialmatricesof thecoarsegrids from thoseof the®nestgrid. Theproblemmatrix A is anexpressionof the
materialmatricesandtheincidencematrices

A = f (M " ; M º ; M · ; C; S; eC; eS);

e.g.ongetsA = eSM " eST for electro-staticor A = eCM º C for magneto-staticproblems,andthuscanbeprojectedonto
acoarsergrid by projectingtheargumentsof theexpression.Theincidencematricesoneachgrid level (C h ; Sh ; eCh ; eSh)
aredirectly availabledueto thegrid incidencerelations.Thematerialmatricescaneitherbeconstructedwith theC-
FIT modelerat eachgrid level or they canbe obtainedfrom merelyalgebraicprojectionoperationsfrom the C-FIT
informationon the®nestgrid with

M h+ i;" =
i ¡ 1Y

j =0

R h+ j ; eD A
( eD h;A D h;" )

³ i ¡ 1Y

j =0

R h+ j ;D L D h;L

´ ¡ 1
(10)

M h+ i;º =
i ¡ 1Y

j =0

R h+ j ; eD L
( eD h;L D h;º )

³ i ¡ 1Y

j =0

R h+ j ;D A D h;A

´ ¡ 1
; (11)

where

R h;D L := EhR h;L Fh ; R h;D A := EhR h;A Fh ; eR h;D L := Eh eR h;L Fh ; eR h;D A := Eh eR h;A Fh ; (12)

usingthe linear mapsF h : R3N h £ 3N h ! R3N h andEh : R3N h ! R3N h £ 3N h , which arede®nedwith Fh(A ) :=
f A i;i g andEh(v) := diagf vi g respectively. The projectionsmethodin (10) and(11) re�ects the samegeometrical
considerationsasdescribedfor the integral statevariables. Eqn. (10) canalsobe usedfor the projectionof M · by
exchangingD " with D · . Theresultingprojectedmaterialmatricesarediagonal.Accordingly, theproblemoperators
A h canbeconstructedfor eachgrid level from theproblemdiscretizedon the®nestgrid, with the transferoperators.
This projectionmethodis different to the Galerkin approach. In a ®rst stepit projectsthe problemgeometryand
discretizationonto the coarsegrid andconsequentlyconstructsthe problemoperators,i.e., only restrictionoperators
areusedin contrastto theGalerkinapproachwerealsoprolongationoperatorsareinvolved. Althoughsymmetricgrid
systemsareused,thecompletemultigrid operationis nonsymmetricsinceR h 6= Ph .

IV. NUMERICAL RESULTS

TheMG schemediscussedabove wasimplementedin MATLAB. In this paperwe solve problemsarisingwith dis-
creteelectro-staticandmagneto-staticformulationsusingC-FIT. Thegeometryandmaterialmatricesfor the®nestgrid
andthegrid informationfor all grid levelsarecreatedby a C-FIT 3D geometricmodelerandimportedinto MATLAB.
Thecoarsegrid matricesareconstructedaccordingto (10) and(11). For thesimulationa 1.8GHzPentiumIII machine
wasused.
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A. Electro-Statics

Theformulationof discreteelectro-staticproblemsusingC-FIT yieldsthelinearalgebraicPoissonsystem

¡r ¢(" r ©) = Q =) A © = eSM " eST Á = q: (13)

The®rst testproblemusedfor thenumericalexperimentsis a platecapacitorcontaininga dielectricsphere("Sphere=
5"0) embeddedin vacuum(" Vacuum = "0). A meshwith 51£ 51£ 51 grid pointsis used.Eachcoarsergrid contains
approximatelyhalf the numberof grid pointsin eachdirection,which givesfour grid levels,wherethe smallestgrid
consistsof 7 £ 7 £ 7 grid points. The geometryandthe computedsolutionis containedin Fig. 8. The solutionof
this problem(Nh = 132651grid points)couldbecomputeddown to machineprecision(10¡ 16) solvingthecorrection
equationexactly on thesmallestgrid andusinga Gauss-Seidelpoint-relaxationmethodwith ¯ = 1 at eachgrid level.
The in�uence of ¯ on the convergencecharacteristicis shown in Fig. 7. The total numbersof iterationsdecreases
usingmoresmoothingsteps,but thetotal CPUtime increasessincemorerelaxationstepshave to becomputedin each
iterationstep. Hencefor the following analysis¯ = 1 waschosen.To determinethe asymptoticcomplexity of the
solutionmethodthetestproblemwassolvedfor differentgrid sizes.TheCPUtime versusthenumberof meshnodes
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Nh is shown in Fig. 8. Theslopein this log-log plot, i.e., theasymptoticcomplexity for N h ! 1 , is determinedto
be 1.1 for the MG solver and1.4 for the SSOR-preconditionedConjugateGradient(SSOR-CG)solver. Both values



do not entirelyagreewith theoptimaltheoreticalexpectedvalues,which maybedueto a non-optimalimplementation
within MATLAB. Howeverthecomparisonto theSSOR-CGsolverrevealsansuperiorperformanceof theMG solution
schemefor thediscreteelectrostaticproblem.

The introductionof materialswith large jumpsin their coef®cientsleadsto ill conditionedmatricesA in (13). To
studythein�uence of discontinuousmaterialcoef®cientsthetestproblemwassolvedusingdifferentvaluesfor "Sphere

(Fig. 9). To numberof MG iterationsneededto achieveconvergenceincreasesasexpected.Theasymptoticcomplexity
of theMG solver, however, is notaffected.

As a technicalexample,the MG solver is usedto solve the 3D modelof an adjustablemulti-capacitordiscretized
with 55£ 59£ 50grid points(Fig. 10). Thecomputationtimeof theMG solver is 80s,whereasthecomputationtime
of theSSOR-CGsolver is 140sThesolutionwasobtainedwith a relative residualnormof 10¡ 8.

B. Magneto-Static

Morecomplicatedproblemsarisewith themagneto-staticformulationof theC-FIT:

r £ (º r £ ~A) = ~J =) A _a = eCM º C _a =
__
j : (14)

The formulation (14) representsa singular linear systemof equationsdue to the non-trivial null spaceof the curl
operatorsC; eC. Thesystemis consistentthanksto thecontinuityequationr ¢ ~J = 0 which translatesinto theFIT as
eS

__
j = 0. To maintainthatthedefectdh lies in therangeof A h , therestrictionoperatorhasto satisfytherelation

eSh+1 eR h;A dh = 0; (15)

i.e., dh+1 is still free of divergenceafter the restriction. Using nestedgrids, relation (15) holds for the restriction
operatorsintroducedin sectionIII. For generalnon-nestedgridstherestrictionoperatorswill not satisfy(15) andthus
only anapproximatecorrectioncanbeobtainedon thecoarsegrid. With a regularizationof A h+1 to a matrix bA h+1 in
(14), it canbeensuredthat theright handsidevectordh+1 = R hdh , wheredh 2 Rangef A hg holds,lies in therange
of bA h+1 . For this regularization,gaugingmethodssuchasgraphtheoreticaltree-cotreetechniques[9], a Grad-Div
gauging[7] or anadditionalarti®cial masstermbA h+1 = A h+1 + ®M , (® > 0), canbeapplied.Sucha regularization
is not appliedin this paper. For the discretesystem(14) a standardGauss-Seidelsmootheris applicable,sinceno
additional(arti®cial) massterm M that extends(14) to (eCM º C + M )_a =

__
j requiresthat eSM _a = 0 hasto be

enforcedby usingeitherHiptmair's divergencecorrectionsmoother[10] or the locally exactblock patchsmootherof
Arnold, Falk andWinther [11]. Due to the discreteidentity C eST = 0 any irrotationalsolutioncomponentsof the
solution_a resultingfrom thenon-trivial null spaceof C do not appearin themagnetic�ux vector

__
b = C _a. For the

Fig. 11. Magnetic¯ux densityin theC-magnetex-
citedby acurrentcoil obtainedwith theMG solver.
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Fig. 12. Convergencehistoryfor differentnumbers
of smoothingsteps¯ labelledwith MG(¯ ) andfor
theadaptedMG methodMG(A).

following testproblemalsonon-nestedgrids could be shown to be usablewith suf®cient accuracy attainable.As a
testproblemthemagnetic®eld of a C-magnetexcitedby a currentcoil is simulated(seeFig. 11). Themeshsizewas



Nh = 76900which leadsto a matrix sizeof 3Nh = 230400. The coarsegrid dimensionswereagain chosento be
approximatelyhalf thenumberof grid pointsin eachdimension,which leadsto four grid level for this problem.Fig.
12shows theconvergencehistoryof theMG solver for differentnumbersof smoothingsteps.Thesolver stagnatesat a
relative residualof 3 ¢10¡ 9. A SSOR-CGsolverstagnatesatapproximatelythesameresidualnorm.For thismagneto-
statictestproblem,theconvergencecharacteristicshows anoscillatorybehavior, which wasalsoseenfor analgebraic
MG methodfor ®nite elementdiscretizations[6]. However, whenincreasingthenumberof smoothingsteps̄ , these
oscillationsdisappear. Furthermoretheobtainedminimal residualnormalsodependson ¯ . Sincethebestconvergence
ratewith respectto the consumedCPU time wasachieved with ¯ = 1, the numberof smoothingstepsis adaptively
increasedassoonasstagnationof theconvergenceoccurs.In this way, theconvergenceof theMG schemetowardsthe
maximalattainableaccuracy canbemaintained.

Using the sameproblemfor varying valuesof the permeability¹ mag = 1
º mag

of the iron coreof the magnet,the
oscillationsin theconvergencedisappearwith decreasingvaluesfor ¹ mag (Fig. 13). Fig. 14 shows theCPUtime for
the testproblemfor differentmeshsizes. In comparisonto the SSOR-CGsolver the MG solver shows an superior
asymptoticcomplexity.
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Fig. 13. Convergencehistoryfor differentvaluesof
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