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Abstract

A geometricamultigrid algorithmfor vectorbasedormulationsfor electromagneticeld problemsdiscretizedoy the
ConformalFinite IntegrationTechniqués proposedThetransferoperatorsandthe coarsegrid operatorsareconstructedor a
hierarcly of non-nestedjrids. A validationof the presente@pproachs achiezedfor electro-stati@andmagneto-statitest
problemsfor which a discretePoissoranda discreteCurl-Curl equatiorhave to be solvedrespectiely. Experimentatesultsfor
theasymptoticcompleity andfor the corvergencecharacteristicén caseof discontinuousnaterialcoefcients arepresented.

. INTRODUCTION

In the®eld of computationaklectrodynamictheFinite IntegrationTechniqugFIT) proposedy Weiland[1] is awell
establishednethod,which is usedin several commercialsoftware packagesThe FIT formulationprovidesa general
spatialdiscretizationschemefor the discretizationof electromagnetiproblemswith arbitrarygeometriese.g. static
problemsor calculationsn frequeng or time domainandis similarto Finite DifferenceMethodswith vectorquantities.
The ConformalFinite IntegrationTechniqug(C-FIT), ®rstintroducedn [2], alleviatesthe problemof staircasingvhen
materialinterfacesarenot alignedwith the grid, by introducinga meshindependenboundaryresolutiontechnique A
geometricamultigrid solver for scalarandvectorbasedormulationsof this C-FIT methodis presentedor non-nested
Cartesiantensorproductgridsandtestedor PoissorandCurl-Curlequationselatedo electro-statiandmagneto-static
problemsyespectiely. The Cartesiartensofrproductgrid structurdeadsto simplestructurednatricesandfastmatrix-
vector multiplicationscomparedio thoserelatedto unstructuredgrids which are commonlyusedin Finite Element
Methods,while still featuringgooddiscretizationqualitiesdueto the C-FIT approach.Numericalinvesticationsare
performedto analyzethe convergencepropertiesof the developedmultigrid solver for both Poissonand Curl-Curl
eqguations.

[I. THE FINITE INTEGRATION TECHNIQUE (FIT)

In the FIT, Maxwell's equationsn theirintegral form andthe constitutve materialrelationsaremappedntoadual-
orthogonal staggeredyrid systemf G ; € g. Thegrid G is referredto asthe primarygrid containingverticesN;, edges
Li, facetsA; andvolumesV;, whereas§ is referredto asthe dual grid consistingof verticesi¥;, edges€;, facets&;
andvolumes¥,. Here,only Cartesiartensorproductgrids are considered.The so-calledmetric matricescontainthe
informationof this grid systemandarede®nedby

D = diadjLijgi : 1,26 ; Da = diadjAijgi: a2c ; BL = diadjEijg; . ¢ ,e + Ba = diadj &ijg; . £ ¢

Insteadof ®eld quantitiesntegral statevariablesareusedto formulatethe problem. The electric voltagee, magnetic
voltage h, electric ux d andmagnetic ux b arede®nedby line integrals of the elementary®eld valueE (electric
®eld),A (magnetic®eld), andintegralsover cell facetsof D (electric ux density)andB (magneticux density),
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€ = E ¢ds; hi = A ¢ds; d; = D ¢dA; B = B ¢dA:
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Thecomponentaregatherednto thevectorse = fejg, h = fh;g,d = fd;gandb = fb;g. Furthermorethecurrent
densityJ’, the chage densityQ, the electricpotential© andthe magneticvectorpotential A aremappedontothe dual
grid,i.e., Z 7 Z
j;= J¢A ; g= Qdv ; A=0j, and 4= Adds;
K @ Lj

andarecollectedin thevectorsj = fj;g,q = fq;g, A= fAganda = fa;g.

A. MaxwellGrid EquationgMGE)

The integral statevariablesare allocatedat the simplicial elementsof the primary or dual grid: € at edges,b at
facetsof the primarygrid G, andh atedgesd at facetsof the dualgrid €, respectiely. This procedureenableshe
discretizatiorof Maxwell's equationsn a straightforvardway. Usingtheintegral formulationof Maxwell's equations
ontheintroduceddualorthogonalgrid systenf G ; € g a setof matrix equationsthe so-calledVlaxwell Grid Equations

(MGE), canbederied:
Z Z Z

(r £ E)¢dA = E ¢ds= j —@B’ ¢dA =) Ce=j EE 1)
. A , @ A @ dt
. ¢ _ _
(r £A)CA = H¢ds= 'Oy 4 5 can =) €hs= gc|+-j )
7 @® s R @ dt
(r ¢B) dV = B¢dA=0 = Sh=0 (3)
z VY z ¢ y
e(r ¢D) dV = - D ¢dA = . Q dv =) 8d=q (4)

Theoperator<C; € andS; S arethe discreteanalogueso the curl anddivergenceoperatorof the continuousformu-

lation for the primary anddualgrid, respectrely. They correspondo the exactsummatiorfor closedline integralsC,

€ or closedsurfaceintegralsS, § onf G ; € g andthusprovide thetopologicalrelationsinductedby Maxwell's integral

equationsppliedto thegrid set. Thediscreteoperator<; €; S; 8, alsodenotedastopologicaloperatorsareincidence
matricesanddependbnly onthegrid structure.Their algebraicproperties

SC=0 ;: &€=0 : C&8 =0 and €S' =0

mimic their analyticalcounterpartsliv curl© 0 andcurl grad” 0 andarenecessargonditionsfor the consisteng of
theFIT formulation.Basedon the conceptof grid voltagesandgrid ux es,the MGE represenainexacttransformation
of the continuousMaxwell equationontof G; & g.

B. DiscreteConstitutiveRelations
In the next stepthe continuousconstitutive relationsarediscretizedyielding therelations

D="E =) d=M-e ; H=°B =) h=Mob and J=-E =) j=M.e (5)

Here,permanentlectricandmagneticpolarizationsare neglected. The materialmatricesM o, M - andM . represent
the discretereluctivity, permittvity andconductvity matrices respectrely. Beforeapplyingthe continuousmaterial

relation,theintegral statevariableshave to be transformednto their correspondingverage®eld quantities. Thenthe

averaged®eld componentsare transformedusing an averagedmaterialcoef®cient, into their correspondingntegral
statevariablesaccordingto
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The materialcoef®cientsusedin (6) are averagedover the simplicesat which the corresponding®eld quantitiesare
de®ned:
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wheren; is a unit normalvectorat &; andm; is a unit normalvectorat A, respectiely. The completetransformation
procedurdor all component®f theintegral statevariablescannow bewritten in matrix notation

A — pil . s — il . — o i ls.
d=PaQ:Diye o T=PaD.Diye i h=PiDDy D

M= M

where

D~ = diag "ig, . R2€ D. = diag g,  R2€ and Do = diag ?igi: a;26:
The materialmatricesarediagonalandthusrepresent oneto onerelationbetweernthe integral statequantitieswhich
is a consequencef the factthat the primary anddual grid intersecteachotherorthogonally The introductionof the
ConformalFinite IntegrationTechniquaevas®rst proposedn [2] and[3] independentlyln extensionof theclassicaFIT
[1] it is usingan exactnumericalevaluationof the integralsin (7) insteadof a trivial approximation.It appropriately
considerscurved materialinterfacesinside the cells of G (seeFig. 1 for ™). With this methodan easyto generate
Cartesiargrid structure which leadsto simpleandnumericallyef®cient structuredmatrix equationsganbe used,even
for problemswith curved materialboundaryinterfacesandcomplicatedshapeboundaries.
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Fig. 1. Discretizationof materialdistributionin the C-FIT.

Thediscreteconstitutive relationscompletethe Maxwell Grid Equationso handleelectromagnetiproblemsin the
discretegrid space.Theaccurag of thealgorithmis discussedn [8]. Recentpublicationson geometricdiscretization
methodsfor Maxwell's equationsshav thatlowestorderWhitney-Finite Elementformulationscanbe denotedn the
form of (1) - (4) aswell, wherethe main differencebetweenthesemethodslies in the constructionprinciple of the
materialmatricesM -, M . andM » [4].

I1l. MULTIGRID

Multigrid (MG) solverscontaintwo basiccomponentsi.e., error smoothingoperationsanda coarsegrid correction
procedureA two grid cycle [5] for the solutionof thelinearsystemA Luy = f, is depictedn Fig. 2. Thelowerindex
refersto the grid level andthe upperindex to theiterationnumber In the ®rst stepthe high frequeny component®f
the errorof a solutionvectoruy!' areeliminatedby a (pre-)smoothingnethodsuchasdampedlacobior Gauss-Seidel
relaxation. Theindex ~ indicatesthe numberof relaxationsteps. The defectahm = fni Aptp of the smoothed
solutionty! is projectedontoa coarsegrid by arestrictionoperatorR ,. Usingthe projectedproblemmaitrix A 41 the
correctiononthecoarsegrid is obtainedoy a directsolutionmethod,or by the samewo-grid cycle mechanismapplied
to solve thecorrectionequatiorrecursvely if thecoarsegrid systemis still toolargeto besolveddirectly. Theobtained
correctionvectorvy, , is interpolatedoackontothe ®ne grid by a prolongation operatorP,. The ®ne grid correction
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Fig. 2. Two-gridcycle.



v{" is addedto theold solutionand®nally a (post-)smoothingmethodis appliedto getrid of the highfrequeny errors
introducedby the prolongation. This coarsayrid correctionreduceghelow frequeng errorcomponents.

The ingredientsfor this MG solver arethe grid transferoperatordR , andP ) andthe operatorsof the projected
problemA , for all grid levels. Thesegrid transferoperatorswill be constructecbasedon geometricakonsiderations
andthusthey aredifferentfor voltage, ux or volumequantities.FurthermorearelationR = P T will notresultin a
consistenggeometricaprojectionmethodandthereforewasnot usedfor the constructiorof thetransferoperatorsThe
constructiorof thetransferoperatorss substantiallyeasierto de®nefor tensofproductgridswhich areconsideredvith
the C-FIT thanfor generalunstructuredyrids. Furthermorethegrid f G 1,41 ; € h+1 g is constructedsuchthatthe edges
Lnh+1:i 2 Ghs1 areeitherparallelor perpendiculato theedgesLp; 2 Gy, which simpli®esthe constructionof the
transferoperatorsaswell. The generatiorof themeshed G ,; € ,g on the differentgrid levels, however, is non-trivial
in the casewhenproblemswith large jumpsin the materialcoef®cientshave to be solved. Here,the materialinterface
surfaceshave to be taken into accountin a specialway, which meansthat at eachgrid level the grid points should
preferablylie onthoseboundarysurfacegq5].

In the next two subsectionso distinction betweenprimary and dual variablesis made,sincethereis no essential
differencein the constructionprinciple of the transferoperators. Furthermorethe valuesof integral statevariables
allocatedatedged., facetsA andvolumesV aredenotedby L, A andV respectiely. Thelengthof anedgelL will be
referredto asjL j, the areaof anfacetA will be denotedasjAj andthevolumeof acell V will bewrittenasjVj. Ny
denoteghe numberof grid verticesN.

A. Constructionof RestrictionOperators

Sincethegridsarenon-nestedthe grid pointsof the coarsemeshdo not have to matchgrid pointsof the ®ne mesh.
The geometryfor the constructiorof therestrictionoperatordR | for edgesquantitiesis sketchedn Fig. 3. Theedges
Lnh+1 donotnecessarilyie onold edged. . Henceanaverageoverthefour nearesedgess computedln thisapproach

Fig. 3. Restrictionof integral statevariablesallocatedon edges

theaveragevalueis derivedwith respecto the distanceto the newv edgeusingalinearinterpolationalgorithm

P;2
h

1 _ XynrY P,l XynrY ) XansY P,3 XansY P,4 .
Lher = Wiwilply + Wowglpiy + Wowplpig + Wiwplply C))

with thefactors
« _ CXj CX;

W L Cyi ¢Yi:

¢y
The projectededges. Ejril areconstructedrom edgesor fractionsof edgesl_jh of the®negrid Ly,. A linearweighting

and w) =

with respecto the overlapwaschoserto determine]'_ﬁj,i1 , e.g.T_Efl in Fig. 3 is derived byLEj,ll = wa_ﬁ + wgtﬁ +
wgr_ﬁ andin general X
P;1 j.
Lisg = WLk

L) overlappingL};
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Fig. 4. Restrictionof integral statevariablesallocatedon facets

i
wherew} = T&'} . A similar projectionmethodis developedfor theconstructiorof therestrictionoperatorR a of facet

h
quantities(Fig. 4). In this casethe new facetlies betweenold facets. Therefore the new facethasto be interpolated
usingthe old facets. Similar to the constructionof the projectionof edgesa linear interpolationprocedurds applied
with

Ane = WAL + WAL (©)
wherew = ¢ e ¢ X; TheprOJecteci‘acetsAh+1 arecomposeddf facetsandfractionsof facetsAJ respectrely of the
®negrid A,. Again alinearweightingwith respecto the overlappingareais appliedto determlneﬂh+l

Pi - _ X Al .
Api = Wi Ap;

Ajh overlappingA Eﬂl

wherew/ = TA b Accordingto this projectionpropertiesherestrictionoperatorlR |, R, Ra, Ra : R3NnE3Nn |
h

R3Nn+1 £3Nn1 canbe constructed. The constructionof the restrictionoperatorsR v, Ry for volume quantitiesdoes
notinvolve angeometricaprojectionasin (8) and(9). All new cellsVy+1 arecomposeaf fractionsof old cellswith
thevolume¢ V). Therestrictionoperatoiis constructedsuchthat

_ X _j

Vha = wY Vi,

Vr{' overlappingVh +1

WhererV = TV' For the restrictionoperatorR y of the variablesallocatedon nodes e.g. A, a linearinterpolation

schemewas usedto obtainthe valueson the coarsegrid. In this way the restrictionoperatorsRy, Ry, Ry, Ry :
RNnENn | RNn+a £Nns1 canbeconstructed.

B. Constructionof ProlongationOperators

The constructiorof the prolongation operatords similar to that of the restrictionoperators.The unknovn ®ne grid
guantitieshave to beinterpolatedrom the coarsagrid quantities. Thegeometryfor the constructiorof the prolongation
operatord | for edgequantitiesjs sketchedn Fig. 5. Thefour closestedgequantitiesof the coarsegrid areprojected
ontheedgesf the®negrid by thelinearinterpolatedscheme

P Yt 1 Yo Xt 2 Y Xt 3 YoaXt 4 .
Lher = WiWilig + Wiwolyg + Wowglp,, + Wows Ly,
with thefactors

_Cxj ¢x; _Cyj Cy;
wr = TI and w = TI



Fig. 5. Prolongtionof integral statequantitiesallocatedon edges.

In the next stepthe projectedquantityL Eﬂ is dividedaccordingo thelengthsof the edgesf the®negrid L"h overlap-
pingwith L |, X
' P
I—-Jh = WjZT—h+1 ;
Lh,, overIappinng
wherew? =

J JLE+1

areprojectedonthe®negrid andinterpolatedaccordingto

The prolongation of the facetbasedjuantitiesis depictedin Fig. 6. Thefacetsof the coarsegrid

P 1 2
— X X .
Ah+1 - WlAh;l + WZAh+1,

wherew = % The projectedfacetsare composedf facetsof the ®ne grid. Eachfacetof the ®ne grid is
composeabf one,two or four prOJecteoI“acetsAh+1 Thefacetquantitiesof the ®ne grid arethereforederived by
j X AP
An = Wi Apsg
AL overIappingA{1
wherew!* = Jifh.. In this way the prolongation operatorsP |, B, Pa, P : R3Nna£3Nna | R3NWESNL cgn
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Fig. 6. Prolongationof integral statequantitiesallocatedon facets.

be constructed. Similar to the restriction processthe prolongation for the volume quantitiesdoesnot involve ary
geometricaprojections.ThevolumesV,, of the®negrid arecomposedy fractionsof volumes¢ \4{ of thecoarsegrid.
Thereforethe prolongationreads X _

_ !

Vi = WjV Vit

V{,, overlappingVy



j
wherewjV = jf/h\f; 7 Again the prolongationoperatorP \ for valuesallocatedon nodesis built usinga linearinterpo-
lation schemeo obtainthe ®ne grid valuesfrom the coarsegrid values. Accordingly the prolongation operatorsPy,,

Py,Py, Py i RNnetENna | RNhENR greconstructed.

C. Projectionof Problem

Thetransferoperatorsievelopedabore canbe usedto transferall integral statevariablesbetweerthe differentgrid
levels. An overview is givenin thetablebelown. Furthermorghetransferoperatorcanbe usedto createthe geometry

VerticesN | Edged. | FacetsA | Edges€ | Facets& | Volumes¥®
Statevariables A €,a b h 4, q
Transferoperators| Ry ,Pn | RL,PL | Ra,Pa | RL,BL | RA,PA | Ry, Py

andmaterialmatricesof the coarsegrids from thoseof the ®nestgrid. The problemmatrix A is an expressionof the
materialmatricesandtheincidencematrices

A=f(M-;Mo;M.;C;S;€E;8);

e.g.ongetsA = 8M 8T for electro-statior A = €M . C for magneto-statiproblemsandthuscanbeprojectedonto
acoarsegrid by projectingtheamgumentf theexpression Theincidencematricesoneachgrid level (C 1; Sh; €n; Sh)
aredirectly available dueto the grid incidencerelations. The materialmatricescan eitherbe constructedvith the C-
FIT modelerat eachgrid level or they canbe obtainedfrom merely algebraicprojectionoperationsrom the C-FIT
informationon the ®nestgrid with

iY.’l R 3 ‘Yl ’ il
Mh+i = Rh+j;A(h;ADh;") Rh+j;p. Dt (10)
j=0 j=0
'}Y.'l 3 inl ’ il
I\/|h+i;° = Rh+j;L(|§h;LDh;°) Rh+j;DADh;A ; (11)
j:O ]:O
where
Rhp, = EnRnLFn ; Rhp, i= EnRnaFh i Rup, = EnRnLFn 5 Rhp, = EnRpaFn;  (12)

usingthe linear mapsFy, : R3NnE3Nn | R3Nn gandEy, @ R3:Nn | RSNnE3Nn which are de®nedwith R, (A) =
fAiigandEn(v) = diad vig respectrely. The projectionsmethodin (10) and(11) re ects the samegeometrical
consideration@s describedor the integral statevariables. Eqn. (10) canalsobe usedfor the projectionof M . by
exchangingD - with D .. Theresultingprojectedmaterialmatricesarediagonal. Accordingly, the problemoperators
A, canbe constructedor eachgrid level from the problemdiscretizedon the ®nestgrid, with the transferoperators.
This projectionmethodis differentto the Galerkin approach. In a ®rst stepit projectsthe problemgeometryand
discretizationonto the coarsegrid and consequenthiconstructghe problemoperatorsj.e., only restrictionoperators
areusedin contrastto the Galerkinapproachwerealsoprolongation operatorsareinvolved. Althoughsymmetricgrid
systemsreusedthecompletemultigrid operations nonsymmetricsinceR, 6 Pyp.

IV. NUMERICAL RESULTS

The MG schemaliscusseabore wasimplementedn MATLAB. In this paperwe solve problemsarisingwith dis-
creteelectro-statiandmagneto-statilormulationsusingC-FIT. Thegeometryandmaterialmatricesfor the ®nestgrid
andthegrid informationfor all grid levelsarecreatedoy a C-FIT 3D geometriomodelerandimportedinto MATLAB.
Thecoarsegrid matricesareconstructedccordingo (10) and(11). For thesimulationa 1.8GHzPentiumlll machine
wasused.
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A. Electro-Statics
Theformulationof discreteelectro-statigroblemsusingC-FIT yieldsthelinearalgebraid?oissorsystem

ir ¢'r©=0Q =) A©= SM-8TA= q: (13)

The®rst testproblemusedfor the numericalexperimentds a plate capacitorcontaininga dielectricsphere("sphere =
5"0) embeddedn vacuum("vacuum= "0).- A meshwith 51£ 51 £ 51 grid pointsis used.Eachcoarsemrid contains
approximatelyhalf the numberof grid pointsin eachdirection,which givesfour grid levels, wherethe smallestgrid
consistsof 7£ 7 £ 7 grid points. The geometryandthe computedsolutionis containedin Fig. 8. The solution of
this problem(N}, = 132651grid points)could be computeddown to machineprecision(10' 1) solvingthe correction
equationexactly on the smallestgrid andusinga Gauss-Seidgboint-relaxatiormethodwith ~ = 1 ateachgrid level.
Thein uence of ~ on the corvergencecharacteristias shavn in Fig. 7. The total numbersof iterationsdecreases
usingmoresmoothingsteps put the total CPUtime increasesincemorerelaxationstepshave to be computedn each
iteration step. Hencefor the following analysis = 1 waschosen.To determinethe asymptoticcompleity of the
solutionmethodthe testproblemwassolved for differentgrid sizes. The CPU time versusthe numberof meshnodes
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Fig. 9. Cornvergencehistory for differentvaluesof Fig. 10. Potentialdistribution of adjustablecapaci-
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Ny, is shavn in Fig. 8. Theslopein thislog-log plot, i.e., the asymptoticcompleity for N, ! 1 , is determinedo
be 1.1 for the MG solver and 1.4 for the SSOR-preconditione@onjugate Gradient(SSOR-CG)solver. Both values



do not entirely agreewith the optimaltheoreticalexpectedvalues ,which maybe dueto a non-optimalimplementation
within MATLAB. Howeverthecomparisorio the SSOR-CGsolver revealsansuperiomperformancef the MG solution
schemdor thediscreteelectrostatigroblem.

Theintroductionof materialswith large jumpsin their coef®cientsleadsto ill conditionedmatricesA in (13). To
studythein uence of discontinuousnaterialcoef®cientsthe testproblemwassolved usingdifferentvaluesfor "sphere
(Fig. 9). To numberof MG iterationsneededo achiere corvergencencreasegasexpected.Theasymptoticcompleity
of the MG solver, however, is not affected.

As atechnicalexample,the MG solver is usedto solve the 3D modelof an adjustablemulti-capacitordiscretized
with 55£ 59£ 50 grid points(Fig. 10). Thecomputatiortime of the MG solveris 80 s, whereaghe computatiortime
of the SSOR-CGsolveris 140s Thesolutionwasobtainedwith arelative residualnormof 10 8.

B. Magneto-Static
More complicatedoroblemsarisewith the magneto-statiéormulationof the C-FIT:

r£C@r £A)=J =) Aa=EM.Ca=7: (14)

The formulation (14) represents singularlinear systemof equationsdue to the non-trivial null spaceof the curl
operator<C; €. Thesystemis consistenthanksto the continuityequationr ¢J = 0 which translatesnto the FIT as
§j = 0. To maintainthatthe defectdy, liesin therangeof A j,, therestrictionoperatorhasto satisfytherelation

Sh+1Rpadh = 0; (15)

i.e., dn+1 is still free of divergenceafter the restriction. Using nestedgrids, relation (15) holds for the restriction
operatorsntroducedin sectionlll. For generalnon-nestedjridsthe restrictionoperatorswill not satisfy(15) andthus
only anapproximatecorrectioncanbe obtainedon the coarseyrid. With aregularizationof A 1+1 to amatrix Rp4q in
(14), it canbe ensuredhattheright handsidevectord,+1 = Rndn, Whered, 2 Rangé A g holds,liesin therange
of Ry . For this regularization,gaugingmethodssuchas graphtheoreticaltree-cotregechniqued9], a Grad-Dv
gauging[7] or anadditionalarti®cial masstermRp,1 = Apsy + @M, (®> 0), canbeapplied.Sucharegularization
is not appliedin this paper For the discretesystem(14) a standardGauss-Seidetmootheris applicable,sinceno
additional (arti®cial) massterm M that extends(14) to €M .C + M )a = j requiresthat SMa = 0 hasto be
enforcedby usingeitherHiptmair's divergencecorrectionsmoothef10] or the locally exactblock patchsmootherof
Arnold, Falk and Winther [11]. Dueto the discreteidentity C8™ = 0 ary irrotational solution componentf the
solutiona resultingfrom the non-trivial null spaceof C do not appeairin the magneticux vectorb = Ca. Forthe
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Fig. 11. Magnetic ux densityin the C-magneiex- Fig. 12. Corvergencehistoryfor differentnumbers
citedby acurrentcoil obtainedwith the MG soler. of smoothingsteps  labelledwith MG(") andfor

theadaptedG methodMG(A).

following testproblemalso non-nestedyrids could be shavn to be usablewith suf®cient accurag attainable. As a
testproblemthe magnetic®eld of a C-magnetexcited by a currentcoil is simulated(seeFig. 11). The meshsizewas



N = 76900which leadsto a matrix sizeof 3N, = 230400 The coarsegrid dimensionswvere again chosento be
approximatelyhalf the numberof grid pointsin eachdimensionwhich leadsto four grid level for this problem. Fig.
12 shawvs thecornvergencehistory of the MG solver for differentnumbersf smoothingsteps.Thesolver stagnatesita
relative residualof 3 ¢10' °. A SSOR-CGsolver stagnatest approximateljthe sameresidualnorm. For this magneto-
statictestproblem,the corvergencecharacteristicshowvs an oscillatorybehaior, which wasalsoseenfor analgebraic
MG methodfor ®nite elementdiscretizationg6]. However, whenincreasinghe numberof smoothingsteps , these
oscillationsdisappearFurthermorehe obtainedminimal residualnormalsodepend®n . Sincethebestcorvergence
ratewith respecto the consumedCPU time wasachieredwith — = 1, the numberof smoothingstepsis adaptvely
increasedissoonasstagnatiorof the corvergenceoccurs.n this way, the corvergenceof the MG schemdowardsthe
maximalattainableaccurag canbe maintained.

Using the sameproblemfor varying valuesof the permeability? nag = . = of theiron core of the magnet,the
oscillationsin the corvergencedisappeawith decreasingaluesfor  nag (Flg 13) Fig. 14 shovs the CPU time for
the testproblemfor differentmeshsizes. In comparisornto the SSOR-CGsolver the MG solver shavs an superior
asymptoticcompleity.
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Fig. 13. Cornvergencehistoryfor differentvaluesof Fig. 14. Computationtime for the C-magnettest
¢ = lhagi o, representinga jump of material problemversusnumberof unknovns.

coefcients atanair-magneticmaterialinterface.

V. ACKNOWLEDGEMENTS
Theauthorswould lik e to thankDr. HerbertDe GersemandDr. StefanReitzingerfor helpful comments.

REFERENCES

[1] T.Weiland”A DiscretizationMethodfor the solutionof Maxwell's Equationgor Six-Component§ields”, ElectroniccandCommunications
(AED), Vol. 31,p. 116-120,1977.

[2] B.KrietensteinP. Thoma,R. SchuhmanmandT. Weiland,”Facingthebig challengeof high precision®eld computations”Proc.19thLINAC
conf.,Chicago,August,1998.

[3] W. YuandR.Mittra,”A conformal®nite differenceTime domaintechniquefor modelingcurveddielectricsurfaces”,IEEE Microwave and
WirelessComp.Lett.,Vol. 11,n0.1, pp.25-27,2001.

[4] A. Bossait andL Kettunen,"Y eelike scheme®n staggeredellular grids: A synthesidetweenFIT and FEM approaches”|EEE Trans.
Magn.,Vol 36,n0.4, pp.861-867,2000.

[5] U. Trottenbeg, C. OosterleeA. ScHiller, "Multigrid”, AcademicPressl.ondon,2000.

[6] S.ReitzingerJ.Schbberl,”An algebraiomultigrid methodfor ®nite elementiscretizationwith edgeelements” NumericalLinear Algebra
with Applications,Volume9, No 3, pages223-238,2002.

[7] M. ClemensandT. Weiland,”Regularizationof eddycurrentformulationsusingdiscreteGrad-Dv operators”|EEE Transaction®n Mag-
netics,Vol. 38,No. 2, pp.569-572,2002.

[8] M. ClemensandT. Weiland, "Discrete electromagnetismvith the Finite Integration Technique”,Progressin ElectromagnetidResearch
(PIER),n0.32, pp.65-87,2001.

[9] R.RubinacciandG. Albanese’Integral formulationfor 3D eddy-currentomputatiorusingedgeelements”]EE Proceedingsyol. 135, no.
7,p.457,1988.

[10] R.Hiptmair, "Multigrid methodfor in threedimensions” ETNA, 6 (1997),pp. 133-152.

[11] D. Arnold andR. Falk andR. Winther, "Multigrid in H(Div) andH(Curl)”, NumerischeMathematik Vol. 85, pp. 197—2182000.



