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Abstract.  Spectral AMGe (YAMGe), is a new algebraic multigrid method for solving discretizations that arise in
Ritz-t ype nite element methods for partial di®erential equations. The method assumesaccessto the element sti®ness
matrices in order to lessencertain presumptions that can limit other algebraic methods. YAMGe usesthe spectral de-
composition of small collections of element sti®hessmatrices to determine local representations of algebraically \smo oth"
error components. This decomposition provides the basis for generating a coarse grid and for dening e®ective inter-
polation. This paper presents a theoretical foundation for YAMGe along with numerical results that demonstrate the
exciency and robustness of the method.

1. Intro duction. Computational simulation drivesmany branchesof today's scierti ¢ researd.
Modern applications require large-scalecomputing which in turn demandezcient iterativ e algorithms.
Current interest in algebraic multigrid methods grows in the academicand industrial sectorsby virtue
of its potential for solving such large-scaleproblems.

Spectral AMGe (YAMGe) is anewalgebraicmultigrid algorithm that presumesvery little about the
nature of smooth error componerts. All current algebraic methods rely somewherein their construct
on a premise of smoothness. Typically, the setup phaseof an algebraic multigrid processpresumes
either that sudh smooth errors vary slowly along \strong” connectionsor that some(near) null space
componerts are given. The aim of YAMGe is to avoid any such premisein an attempt to broadenits
base of applicability. This paper preseris a theoretical foundation for YAMGe as well as numerical
results that demonstrate the robustnessof the method.

2. AMGe metho ds and the AMGe measure. Algebraic multigrid methods seekthe solution,
u 2 <", to the linear system

Au = f; (2.1)

where A is an £ n symmetric positive de nite (SPD) matrix. The SPD requiremert is not very strict
in that minor modi cations to the algorithm should allow it to apply to problemsthat depart at least
somewhatfrom this case. Yet, the SPD assumption simpli'es discussion.

AMGe methods also assumeaccessto the set of nite elemern sti®nessmatrices (and therefore
the set of assaiated nite elemers, E) that arise in Ritz-type nite elemen f_methods for partial
di®erertial equations. Speci cally, AMGe assumesaccesdo a decomposition A = ... Ae; Wherefor
eat elemen ®, Ag is symmetric nonnegative de nite. AMGe methods do not, however, assumethe
ability to createnew nite elemeri sti®nessmatrices that might be usedfor coarserlevels, for example.

The foundation of AMGe methods is built upon the following heuristic:

H: Interpolation must be ableto approximate an eigenvetor with error
proportional to the size of the assaiated eigenvalue.

Most algebraic multigrid solversrely on the usual AMG ideasof strength of connection determined by
relative sizesof matrix ertries, or an implicit assumptionthat the constart function is smooth. This
heuristic correlatessmooth error only to the eigervectors of A. The goal of AMGe methods is to use
this more generalizedsenseof smoothnessto build e®ective componerts for coarse-gridcorrection.
To this end, AMGe usesthe elemern sti®nessmatrices and a measure derived from multigrid
theory to determine local represenations of algebraically \smooth" error componerts. Exploiting the
information available from this measureresults in e®ectiwe interpolation as described in [3].

p, of P asgrid points sothat the coordinatesin <" represert the ne-grid variables Similarly, if nc < n
is the number of coarse-grid points, then the coordinates in <"¢ represen the coarse-grid variables
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Now let P : <"c¢ I <" denote the interpolation operator (that we have not yet chosen). De ne
Q:<"! <" to beany corveniert linear projection operator onto RanggP):

Q= PR;

for somerestriction operator R : <" | <"c for which RP = |, the identity on <"¢. Note that for any
vector e 2 RanggP), we have Qe = e. Thus, | j Q canbe usedto measurethe defect of interpolation
for any Q designedfor our multigrid cycle. We now de ne a measureof how well heuristic H is satis ed:

hl i Qe;(I i Q)ei kAk.
hAe; ei '

M(Q;e) := (2.2)

where h¢¢i denotesthe Euclidean inner product on <" £ <" and k ¢k denotesthe Euclidean vector
or vector-induced matrix-norm. (Any other practical inner product could be used here provided A
remains self-adjoint with respect to it.) We call (2.2) the measure of interpolation quality.

M should have a small bound for all e 2 <" nf Og and for any assaiated discretization parameters.
A relation betweena bound on M and convergencewas proved in [3]: if M - K for all e, then the
two-level convergencefactor is bounded by

1
1j K: (2.3)
Therefore, the smaller the bound on M, the better the corvergencebound.

Note that AMGe's generalizedsenseof smoothnessresultsin the freedomto assumefor corvenience
that matrix A is diagonally scaled,sothat its diagonal part is the identit y matrix. We will make this

assumption for the remainder of the paper.

3. YAMGe. The motivation for Y/AMGe comesfrom an attempt to choose,in somesense,the
best subspaceto sere as the coarse-grid space. Consider measure M (Q;e) in (2.2), where Q is
the best projection (i.e., the Euclidean projection) onto RanggP) % <". Ideally, we would choose
RanggP) %2 <" of dimensionn; sothat sup,s, M (Q;e) is minimized. It is easyto seethen that the
best choice for RanggP) is the subspaceof eigervectors of A belongingto its n, smallesteigervalues.
Of course,it would be prohibitiv ely expensive to do this globally. YAMGe is an attempt to achieve this
objective by choosing local eigervectors, in analogy to the spectral element method for discretizing
partial di®erertial equations.

The notion of an agglomeate, de ned simply as a set of elemeris, is certral to YAMGe. If ¢ is
an agglomerate,then we extend our notation sothat A, is the sum of the ass@iated elemen sti®ness
matrices. Note that A, is of dimensionn £ n, the sameasA, sothat it is Tled with zerosexceptin
the block of rows and columns corresponding to points p 2 ¢. We also needthe local version of this
matrix, sowe de ne a\lo calization" operator, Loc(9, that takesits matrix operand and discardsall of
its zerorows and columnsthat correspond to points not in the agglomerate. Then, for corvenience,we
denote Loc(A,) by A¢ (with ¢ raisedto a superscript) and refer to it as a local agglomeratesti®ness
matrix for emphasis.

The basicidea of YAMGe is to partition the setof elemerts into agglomeratesthen to assenble the
local sti®nessmatrices corresponding to these agglomerates. Eigenvectors of these local agglomerate
matrices corresponding to the small eigervaluesare then useddirectly (with somemaodi cations noted
below) as columns of the interpolation matrix.

We should note that the ideasbehind YAMGe can be generalizedby minimizing a Rayleigh quo-
tient that takes relaxation into accourt. In the following, we do this for Richardson becausethe
error propagation matrix is | j sSA and we minimize bAx; xi=hx; xi. In general, we could minimize
B x; xi =hx; xi when the error propagation matrix is| j B and B is symmetric, or other choiceswhen
B is nonsymmetric.



3.1. A two-level algorithm. Let Gbe a partition of elemen spaceE into agglomerates, of the
elemers that created A (e.g., cortinuous piecewisebilinear functions on squareselemerns). For the
momert, assumethat G hasbeendecidedon the "ne level.

To implement this algorithm recursively, we needto view this structure algebraically. To this end,
considera point, p2 P, that is in agglomerate¢, 2 G. Then we say that p 2 ¢° (the interior of ¢) if p
is in no other agglomerate;otherwise,p 2 @, (the boundary of ¢).

The following two-level algorithm determines interpolation operator P as a mapping from the
coarsedegreesof freedom determined within ead agglomerateto the ne-degreesof freedom corre-
sponding to p 2 P. For this construction, we assumesomeordering of the agglomeratesin G. For the
momert, supposethat the numbeerf coarsedegreesof freedom, m,, in eat agglomerate¢, 2 G has
beenpredetermined. Denote n. = - M, for later reference.

1. For each ¢ 2 G, form an intra—agglomerateinterpolation operator, P, , as follows:
2 Compute the eigervector decomposition of local agglomeratesti®nessmatrix Ac¢.
2 From the ‘rst m, eigenvectors extendedwith zerosoutside of ¢, form the columnsof P,
corresponding to the coarsedegreesof freedomin ¢; 11 the other columns with zeros.
2. Toform the global interpolation operator, P, de ne the following \partition of unity": for eact
agglomerape(, 2 G det W, dlag(wl W2 5 w3) be the n £ n diagonal matrix with ertries
wh=ab="" .5 ab, ,Whereap denotesthe dlagonal ertry ofA, asseiated with p. Note that
Wp =0 |f p62% andw? = 1if pisin the interior of ¢. (While . a, = 1 becauseof diagonal
scaling of A on the _nest grid, thl'§ more generalform is useful Iater in the multilev el case.)
The W, have the propertiesthat , W, = | (identity matrix) and kW k = kW k, - 1. Now
de ne the global interpolation operator by

P=  W,P,: (3.1)

é

3. Construct the usual Galerkin coarse-gridoperator PT AP .
In what follows, we continue to focus on matrices vectors, and Euclidean space. Thus, h¢¢i and
k ¢k represent the Euclidean inner product and norm, respectively, on the global vector space<", and
h¢ ¢i, and kdk, represer the local Euclideaninner product and norm, respectively, on the local vectors
of node valuesfor agglomerate¢. (When applied to a vector in <", we take h¢¢i, and k ¢k, to mean
that applied to the restriction of the vector to the agglomerate.)

3.1.1. Analysis of the two-lev el algorithm. The simplicity of YAMGe lendsitself to a simple
theory. Our rst theorem shaws that the coarsesubspacepresenes the null spaceof A. For this
theorem to make sensewe temporarily allow A to be singular. What we really want to concludefrom
this theorem in practice is that the coarselevel adequatelyrepreserts vectorsthat arein the null space
of the operator up to boundary conditions. This property is important for coarseningbecausesuc
near null spaceerror componerts usually have very small energy and must therefore be approximated
very well by the coarselevel.

Theorem 3.1. Suppse that coarsening includes a hbasis for the null space of local agglomeate
sti®nessmatrix A¢: m, , jNull(A¢)j for every agglomente ¢, where j ¢j denotescardinality. Then the
null space of A is a subsetof the range of interpolation: if Au = 0, then there existsa v 2 <"¢ such
that u = Pv.

Proof. Assumethat Au = 0: Then, for every ¢ 2 G, we must have that A,u, = 0, whereu, is
formed from u by zeroingout its entries outside of ¢. Hence,by our assumptionon m,, there exists a
coarse-gridvector, v,, that is also zero outside ¢, and suc that u, = P,v,. Let v be the coarse-grid
vector that agreeswith v, on ¢, for eath ¢ 2 G. Then we have

X X X
Pv = W,P,v, = W, u, = W,u=1lu=u:



Averagingeigervectorsis usedto ameliorate the con’ict betweeninterpolation formulasat points in
the intersection of agglomerates.Theorem 3.1 shawvsthat prolongation neverthelessexactly interpolates
componerts of the null space.We now show that the coarselevel approximates all errorsin proportion
to their energy: M (Q; e) is uniformly boundedwhen Q is the Euclidean projection. Thus, our objective
is now to nd a small bound, K, for which

kAk, inf kej 2k’ KhAe;ei; (3.2)
2 Range (P)

for Yy e 2 <", Note, by (2.2)-(2.3), that the two-level corvergencefactor is then bounded by

1 &

Remenber that A¢ denotesLoc(A,). Let , 1(A¢) - , 2(A¢) - ::: denoteits eigernvalues. Finally,

let the maximal overlap in G meanthe maximum over p 2 P of the size of agglomerateneighborhood
N(p)=fc2G:p2¢g.

Theorem 3.2. Assume that the discretization is quasi-uniform in the sensethat the local ag-
glomenate sti®nessmatrices satisfy kA¢k , “kAk; for all ¢ 2 G. Assume also that we have chosen
m, so well that the local measure is uniformly bounded, meaning that there exists a + > 0 such that
KACK - £ 1,41 (A°); for all ¢ 2 G, wher | n,+1 (A¢) denotesthe (m, + 1)th smallest eigenvalueof

B

A¢. Then, for any vector e 2 <", there exists a glohal interpolant, 2, in the range of P such that

+
KAk ke 2k2 - o= < Aeie>: (3.3)

wher, ¢ is a constant that degendsonly on the maximal overlapin G.
Proof. Let e 2 <" be given. Note that our assumption on m, is equivalert to the assumption
that, for any agglomerate¢, 2 G, there exists an 2, in the range of P such that

CC’CC’

kA ktke, i 2. K2 - #hA e, e,i (3.4)

wheree; is formed from e by zeroingout its ertries outside of ¢. We now construgd an 2 in the range
of P to satisfy (3.3) in a way that correspondsto the construction of P itself: 2= W,2,. To shov
that e satis es (3.3), we now use properties of W, to concludethat

. 22 — X . 2\ |2 — X .2 2, X .2\ 2 — X . 2 2

kei 2k2=k Wy(ej 2)k2=k W, (ei 2,)k*- ¢ KW,(ej 2)k?=c KW, (e, i 2,)k?

626G $2G $2G $2G

X X hAe, e, i ct X

. 2 ' -
C kecl 26k¢ - Cx 6kA66kc e . ,kAk m ec,ecl
$2G $2G $2G
- m e, el:

3.1.2. Choosing m,. Our two-level YAMGe algorithm will use an accuracy/cost measure to
selectthe value of m,. The measureconsiderslocal qualities that are assumedto represen the global
characteristics of the algorithm.

Accuracy. The “rst componert of the measureaddressesccuracy Wetakethe corveniert premise
herethat coarse-gridcorrection completely eliminates error in the direction of the rst m, eigervectors,
and that the remaining eigervectors are reducedby one Richardson iteration with optimal parameter
I . The error propagation matrix in this caseis given in terms of the local agglomeratesti®nessmatrix

by I | ! A¢. This correspondsto the optimal reduction factor of
1; ! L= 1 2,m¢-+1 _ sng i ,m 41, (3.5)
L .+ - - . .
me Ln, Tom,+ Ln, Tom,+



Cost using operator complexity estimate. An estimate of cost, speci cally operator complexity,
constitutes the secondcomponert of the accuracy/cost measure. Again, suc decisionsare considered
locally, soa measuremust be designedto estimate global cost basedon local information. The premise
is that the local pattern is replicated throughout the domain.

Let ne denote the number of elemeris per agglomerate. Considering a speci ¢ agglomerate, ¢, an
estimate of the number of points belonging to "ne-grid elemen ¢ % ¢ is given by m;, := N, =ne.
Therefore, a two-level operator complexity growth measurecan be de ned by

twoj level cost:= 1+ Cgp:

Taking multiple levels into accourt biasesfurther against higher m,. A p-level operator complexity
growth measurecan thus be de ned by

pi level cost:= 1+ Cop+ Coy + 121+ cihi 1) (3.6)

Re ning this estimate to better re°ect the true cost without the arti cial choice of p is an area of
active researd.

Accuracy/Growth-Cost. To optimize accuracy (error reduction) versus cost, we can compute an
estimate of convergenceper work unit (in this case,one ne-grid Richardsoniteration) using (3.5) and
(3.6):

W M=+ cop + 2+ i+ cop)? 1)
1,p = accuracy™ost =  2fle L oM. : (3.7)

s Ny + s Mg+l

Limited numerical tests showed that using the 3-level operator complexity measureto determine m,
produced the most robust approad. This two-level YAMGe algorithm producespromising numerical
results (seeSection 3.4.)

3.2. A multilev el algorithm. Giventhe numerical results of the two-level method, recursionis
a natural stepin the developmen of a multilev el algorithm. We start by describing seweral temporary
roadblocks that occur after straightforward implementation of such recursion and then discussneeded
alterations that form the full ¥YAMGe method.

3.2.1. Coarse-grid elements and creep. In YAMGe, local sti®nessmatrices play a fundamen-
tal role in the construction of multigrid componerts. In the two-level algorithm, only the ne-grid
elemen sti®nessmatrices are required. However, when a coarselevel itself must be coarsenedwe need
elemen sti®nessmatrices for that level to enable a local spectral decomposition there. An ezcient
multilev el scheme thus requires some coarse-grid version of these local sti®nessmatrices. A natural
“rst choice is to combine these matrices in some sensibleway into agglomeratesand then form the
coarse-gridelemen matrix corresponding to eac agglomerate¢, by computing PTA,P. However, as
showvn below, problems can arise with this approad, so we describe seweral potentially more useful
alternativ es for de ning coarse-gridelemens. In all cases,construction of the coarse-grid elemens
starts with someagglomerateof ne-grid elemens. We refer to these as e-agglomeates to distinguish
them from those usedto construct the interpolation matrix P, which we refer to as p-agglomeates

Before proceeding, it is instructiv e to introduce the idea of \creep." This e®ectappears if, for
instance, coarse-leel elemeris are taken as unions of ner-level elemens. Then, coarse-leel matrices
can exhibit spuriousnull vectorsthat do not correspond in any way to the global null space.The term
\creep" hascometo describe such a phenomenon.

Creepis an initial pitfall in extending our two-level YAMGe algorithm to multiple levels. Sincewe
assumethat the null and near null spacesof agglomeratematrices provide a good local approximation
to that of the global matrix (and, in fact, are exact for the null space)and that relaxation cannot
e®ectively reduce sucdh componerts, incorporation of all such local componerts in interpolation is
critical to the succesof the method. The presenceof creepthen correspondsto an unnecessarilylarge
null spacein the coarse-grid agglomerate. Since we must choose all local eigervectors belonging to



zero eigervalues if we want (3.4) to hold, then we must have m,
creepcan lead to unacceptablecomplexity.

The existenceof creepis easiestto seefrom an algebraicargument. Supposethat we have already
determined the set, G, of p-agglomeratesand de ned interpolation P as described in Section3.1. For
any e-agglomerate®, let M - be the set of ne-grid degreesof freedom assaiated with it and M § be
the set of coarse-griddegreesof freedom that interpolate to M -. Now, if jM §j > jM -], then there
must exist somenonzero coarse-gridfunction de ned over M ¢ that interpolatesto zeroover M -. (It
should be noted that this is a suzcient but not a necessarycondition for the existenceof creep.) This
meanstpat if we construct the coarse-gridelemen matrix corresponding to ° in a straightforward way
as L(ﬁ:( @2 PTAgP), then this matrix will have a larger null spacethan the local "ne-grid matrix
Loc( g,- Ae). A large enoughm, therefore induces creep, which results in even larger complexity
on coarserlevels sincejM §j tends to increasewith increasingm, .

jNull(A¢)j. Thus, uncortrolled

5

3.2.2. Fuzzy elements and creep. To eliminate the spurious null vectorsthat can arisein the
coarse-grid elemen assciated g/ith the e-agglomerate®, de ne the extended e-agglomerate? of a
given e-agglomerate® by * := ., ¢ where X. :==f;2G:M-\ M, 6 ;g: Since? is itself an
agglomerate,M . is the set of ne-grid degreesof freedom corresponding to 2.

Our goalis to start with a set of e-agglomerateghat form a partition of the "ne-grid elemers, and
then extend eat e-agglomerate,®, to cover ¢. This new fuzzy agglomeate contains ° asits core and
® n° asits fuzz For simplicity, whereit causesno confusion, we still refer to this fuzzy agglomerate
as”’.

We can now form a matrix corresponding to this fuzzy e-agglomerate,where, for generality, we
separatelyweight cortributions from its coreand assaiated fuzz. For example,we canform the matrix
corresponding to the fuzzy agglomeratewith core ° by

A: = ® A + @Ay (3.8)

In practice, we found it useful to take ®, = 1:0 and ®, = 0:5.

One problem hereis that, if we just take PT A- P asthe coarse-gridelemen matrix, it caninclude
many more coarse-grid degreesof freedom than if we had used only the agglomerate matrix corre-
sponding to °, and there is no guarartee that we have eliminated creep. To avoid this dixcult y, we use
a local interpolation operator in place of the global operator P for constructing the elemert matrix.
In particular, we construct the local interpolation formula, P{ Y22, exactly as described in Section3.1,

but with A- replacing A and X- replacing G. Thus, arbitration of interpolation for shared degreesof
freedomis performed only over the p-agglomeratesin X-. Theorem 3.1 guaranteesthat the null space
of A« is interpolated exactly by Pf42Z. Thus, the corresponding coarse-gridelemert matrix, de ned

by (Pfuzz)T ¢A. ¢Pfu2Z  referred to as a fuzzy element maintains the appropriate null spacewhile
tending to eradicate creep.

3.3. Reducing the dimension of coarse-grid element matrices. Let ° bean e-agglomerate.
We have seenthat the coarse-gridmatrix corresponding to the resulting elemen (fuzzy or not) has
nonzero rows and columns corresponding to all coarse-grid degreesof freedom assaiated with ead
p-agglomerate¢, 2 X-. Thus, if there are m coarse-griddegreesof freedomintro ducedfor ead suc ¢,
then the size (row dimension) of the coarse-gridelemen matrix is m ¢jX.j. Storageof the elemerts is
proportional to the squareof this value, while eigervector/eigenvalue computation of the coarser-grid
p-agglomeratematrices can increaseroughly with its cube. Thus, reducing this size can have a large
payo®in terms of both storageand computation time.

While it seemsnatural to use the p-agglomeratesas the coresof the coarse-grid elemers, this
almost guaranteesthat X- is as large as possible. An alternative that can dramatically reduce the
coarse-gridelemen sizeis to staggerthe e-agglomerateswith respect to the p-agglomerates.

3.3.1. An algorithm for choosing staggered coarse-grid agglomerates. There are many
ways to choosestaggeredcoarser-gridelemerts and agglomerates.Here, we describe the approac we
took that seemedthe most compatible with the existing YAMGe code. Assumethat we are on level



k and are given level k elemens and assaiated matrices. We start by partitioning the set of level k
elemerts into the level k + 1 e-agglomerategelemert cores). Denote this set by C.
The following algorithm determines the set, G, of p-agglomeratesstaggeredwith respect to the
elemen cores,® 2 C. In the following, wedene E; :=f°2C:i2M-.gand T, :=f®2E:i 2 M gg.

1. For ead degreeof freedomi, initialize the weight w; = jE;j.

2. If wiy = 0, for all i, then exit. Otherwise, pick i with maximal weight to serwe as a seedfor the
staggeredp-agglomerate, ¢; .

3. Start the agglomerateby setting ¢; = T; (the elemen neighborhood of i). Extend ¢; by adding
all elemerts in the interior of E; not already in another p-agglomerate.

4. Setw; =0, 8j2M .

5. Let GA G[ f¢o.

6. Go to step 2.

We can now assenble the local sti®nessmatrices over eah p-agglomerate, ¢, 2 G, and de ne
interpolation as described previously. Then, we can build the fuzzy elemerns for ead e-agglomerate
° 2 C, and construct the corresponding coarse-grid elemert matrices corresponding to the elemerts
by determining (P{122)T ¢A. ¢P£ U2z (asin Section 3.2.2). Note that, at this point, the agglomerate
information is no longer neededand can be discarded, sinceit is only usedin de ning interpolation
and determining the elemen fuzz. It is also possibleat this point to discard the elemert matrices on
the current level, sincethey are no longer required.

As noted in the previous section, staggeredagglomeratesreduce complexity and limit creep. This
can be seento someextent in the results preseried in the following section, although exposing these
fully would require more extensive tests.

3.4. Numerical results. We apply the YAMGe algorithm numerically to two illustrativ e exam-
ples: a Poissonequation and a plane-stresscartilever beam, both discretizedwith bilinear functions on
rectangular elemers. The Poissonequation is included for instructiv e purposes:while many success-
ful AMG approadesexist for solving Poissonproblems, important facets of YAMGe are more readily
illustrated within this context.

While the theory assumesJacobi smoothing, simple Gauss-Seidelwith any corveniert ordering is
also a natural choice for relaxation. The numerical tests throughout this section usea V(1,1) cycle
with Gauss-Seidelelaxation.

Let n§ denote the number of degreesof freedomon level k and nf ths numbe&of non-zeroertries
in the level k operatq:r, Ak, qtrld complexny is thus given by Cp = k=1 nk =n} and operator
complexity by C. = = ., nf =nl:

The asymptotic convergencefactor, -, is estimated by applying 20 V(1,1) cyclesto Au = 0 with
random initial guessu® and computing the ratio of the last two residual norms. We diagonally scaled
A sothat its diagonal part is the identit y matrix.

The experimerts also use a three-level operator complexity growth measure (X op in (3.7) with
p = 3). Additionally , agglomerateswere formed using (3.8) with ® = 1.0 and ® = 0:5.

The tables display grid and operator complexities as well as estimated asymptotic cornvergence
factors.

3.4.1. Numerical illustration of multilev el algorithm development. While producing im-
pressive two-lewel results, the YAMGe algorithm as detailed in Section 3.2 does not extend easily to
the multilev el case. This subsectionnumerically illustrates the ewolution of YAMGe from a two-level to
a multilev el algorithm. We considerthe numerical revelations that propelled mathematical insight in
the researt. In particular, we considerthe Poissonequation on a squaregrid discretizedwith 32£ 32
bilinear functions on squareelemens. The boundary conditions are Diric hlet and are eliminated from
the matrix during discretization. Standard 2 £ 2 agglomerationis forced on eac level.

Creep. As seenin Table 3.1, the e®ectof creepare clearly evidert asthe level, k, becomescoarser.
Due to the Diric hlet boundary conditions, jNull (A¢)j variessomewhatover ¢, in the domain. Therefore,
Table 3.1 measuresmax; g« 1 (jNull (A¢)j) asan indication of creepin the k-level problem. Note that
we are considering¢, 2 C:ki 1 sincesti®nessmatrices are unnecessarnyin the direct solve on level k. The



k . Cp | CL | jNull(A¢)j
Unstaggered| 2 | 0.04| 1.47| 1.9 1
elemens 3018|196 | 11.1 10
41 0.19]| 285 90.6 98
Unstaggered| 2 | 0.04 | 1.47| 1.9 1
fuzzy 3/005|160| 2.4 1
elemens 41005|163| 25 1
Staggered | 2 | 0.05| 1.53| 2.0 1
fuzzy 3]1005|167| 2.2 1
elemerns 41005|171| 23 1

Table 3.1
The e®ects of creep and benets of staggering elements in YAMGe with and without the use of fuzzy elements; for
Poisson's equation discretized with bilinear functions on square elements on a 32£ 32 grid; k is the number of levels, -
is the observed convergence factor bound, Cp and C_ are the respective grid and operator complexities, and jNull (A¢)j
is the maximum dimension of the agglomerate null spaces.

e®ectof creepon operator complexity alone is evidenceenough for the need of enhancemets in the
two-level YAMGe algorithm.

Fuzzy and staggeed elements. The tendency of fuzzy elemens to eliminate creepis clearly il-
lustrated in Table 3.1. The use of staggeredwith fuzzy elemers is then apparertly used e®ectiely
to reduce complexity. Such a di®erencein operator complexity is re°ected in Table 3.1 and is even
more noticeable for a more computationally ditcult problem suc aslinear elasticity. The staggered
approad alsoinvolveslesswork in the creation of the fuzzy elemerts.

AN

Fig. 3.1. Plane-str ess cantilever beam problem.

3.4.2. Applying YAMGe to linear elasticit y. Developing more robust methods to solve ma-
trix equationsthat result from systemsof di®erertial equations motivated researt into AMGe meth-
ods. At the focus of current YAMGe researt is the 2D linear elasticity system

1j 1+
Uxx + 2 Uyy + 2 Vyy = f1;
~ - (3.9)
1+ 1j _ .
2 Uxy + 2 Vxx + Vyy = f21

whereu and v are displacemets in the x and y directions, respectively. Throughout our tests, we use
the value — = 1=2, which yields the Poissonratio © = "=(1+ ~) = 1=3. The problem, depicted in
Figure 3.1, hasfree boundaries, except on the left whereu = v = 0. We discretized (3.9) with bilinear
“nite elements on a uniform ny £ ny rectangular array of cellswith spacingh, £ hy. The actual domain
will vary in scale(nyhy by nyhy).

3.4.3. Forcing agglomerates. To apply YAMGe to (3.9), the agglomerateswere predetermined
for eadh level. We considerthe e®ectsof seweral such choices.

First, considera squaredomain with ny = ny, = 32 partitioned with bilinear functions on square
elemerts (i.e., hy = hy = 1=32). The algorithm forces2 £ 2 agglomerateson ead level sothat level 5



: Cp CL
0.13] 1.52 | 2.00
0.17] 1.69 | 2.32
0.17| 1.74 | 2.42

0.17 | 1.77 | 2.47
Table 3.2
Linear elasticity discretized with bilinear functions on square elements (hx = hy = 1=32) on a 32£ 32 grid.
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contains only one agglomerate,where the coarse-gridproblem is directly solved. Table 3.2 shows that
promising grid and operator complexities are present throughout the levels.

Size of forced
agglomerates . Cp C.
0.36 | 1.74 | 3.15
0.41| 2.06 | 3.81
0.42 | 2.22 | 4.13

043|232 | 431

042| 1.75| 3.17
0.41| 2.20 | 5.71
042 | 2.44 | 7.64
0.42 | 2.59| 9.23

0.22| 1.71 | 3.09
0.86 | 2.04 | 3.86
0.89| 2.24 | 4.36

0.94| 2.36 | 4.65
Table 3.3
Linear elasticity discretized with stretched rectangular elements (hx = 1=32 and hy = 1=(10 ®#32)) on a 32£ 32 grid.

1£2

2£ 2

2£1
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Table 3.3 usesa rectangular domain where stretched (rectangular) elemens with an aspect ratio
of 10 : 1 (i.e.,, hy = 1=32hy, = 1=(10 = 32)) discretized the 32 £ 32 grid. Di®erent patterns for
agglomeration are forced on ead level. Forcing 2£ 1, 1£ 2, or 2£ 2 agglomeratesyields acceptable
two-level convergencefactors, which re°ect a certain °exibilit y toward agglomerationin YAMGe.

Sudh °exibilit y disappearswhen 2£ 1 agglomeratesare forcedfor the 3-level test sincethe 2£ 1 ne-
grid agglomeratesproduce coarse-gridelemerts with arelatively large number of assaiated eigervalues
closeto 0. Sud an e®ecton the spectrum of coarse-gridelemerts doesnot occur with 1£ 2 agglomerates,
which results in more encouragingcornvergencefactors. Note that the tests con rm standard intuition
in that 1£ 2 agglomeration producesthe best results of the three agglomeration patterns in terms of
corvergencerates and operator complexity.

Next, YAMGe is applied to a single-elemen thick 2-D plane-stresscartilever beam. Speci cally,
linear elasticity equations (3.9) are discretized with bilinear functions on rectangular elemeris on a
ny £ 1 grid, with ny, = 64 for the tests. The problem is discretized with squareelemerts (hy = hy =
1=64) and alternativ ely with stretched elemens possessing 10: 1 aspect ratio (i.e., hy = 1=64,h, =
1=(10=64). In either case,2 £ 1 agglomeratesare forced on ead level.

YAMGe performswell on the 2-D plane-stresscartilever beamasre®ected in Table 3.4. Acceptable
results are attained when the domain is partitioned using either squareelemeris or (the more dixcult
to solwe) stretched elemerts. Such robustnessis a notable feature of YAMGe and bodes well for its
potential to exciently solve a larger family of problems.

3.4.4. Selecting agglomerates algebraically . As suggestedby these results, YAMGe is not
very sensitive to the type of agglomeration chosen. Therefore, there is promise that an algebraic



SquareElemens | Stretched Elements
. Cp C. . Cp C.
0.24| 151|151 028| 1.75| 2.12
0.25|1.82|1.88| 0.29| 2.12| 2.65
0.27| 1.99 | 2.08 || 0.32| 2.37 | 3.09
0.39| 209|219 0.35| 252 | 3.37

0.43| 2.15| 2.26| 0.39| 2.61| 3.54
Table 3.4
Single-element thick 2-D plane-stress cantilever beam discretized with rectangular elements on a 64 £ 1 grid.
Stretched elements use a 10 : 1 aspect ratio.
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algorithm can be designedto select agglomerates. Yet, Table 3.3 suggeststhat a robust algorithm
should still take the operator into consideration.

Initial tests with sucd algorithms (including the Jones-\assilevskialgebraic agglomeration algo-
rithm introducedin [9]) matched or were comparableto the results of the previous experiments. This
shows promise toward the potential of designing a robust agglomeration routine for YAMGe. The
creation of such an algorithm is an area of active researd.

4. Future Work. YAMGe, asits simple theory suggests,represeits a general approac to al-
gebraic multigrid unhindered by too many heuristics. We have explored only a few of the problems
that might be e®ecti\ely solved by YAMGe, which, with its generalsenseof smoothness,increasesthe
promise of algebraic multigrid methods to ful'll the needsof modern computational simulation.

Designersof algebraic methods such as YAMGe must choose from a plethora of options. Un-
doubtedly, researd into YAMGe methods will continue and result in enhancemets to the algorithm.
Still, the cortents of this paper re°ect considerableprogressin the dewvelopmen of scalableiterativ e
methods. Speci cally, YAMGe shows promise in fullling its underlying motivation of providing an
algebraic multigrid solver that broadensthe baseof applicability of algebraic multigrid methods.
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