
SPECTRAL AMGE (½AMGe)
TIMOTHY P. CHAR TIER ¤

Abstract. Spectral AMGe (½AMGe), is a new algebraic multigrid metho d for solving discretizations that arise in
Ritz-t ype ¯nite element metho ds for partial di®erential equations. The metho d assumesaccessto the element sti®ness
matrices in order to lessen certain presumptions that can limit other algebraic metho ds. ½AMGe uses the spectral de-
composition of small collections of element sti®nessmatrices to determine local representations of algebraically \smo oth"
error components. This decomposition provides the basis for generating a coarse grid and for de¯ning e®ective inter-
polation. This paper presents a theoretical foundation for ½AMGe along with numerical results that demonstrate the
e±ciency and robustness of the metho d.

1. In tro duction. Computational simulation drivesmany branchesof today's scienti¯c research.
Modern applications require large-scalecomputing which in turn demande±cient iterativ e algorithms.
Current interest in algebraicmultigrid methods grows in the academicand industrial sectorsby virtue
of its potential for solving such large-scaleproblems.

Spectral AMGe (½AMGe) is a newalgebraicmultigrid algorithm that presumesvery little about the
nature of smooth error components. All current algebraic methods rely somewherein their construct
on a premise of smoothness. Typically, the setup phaseof an algebraic multigrid processpresumes
either that such smooth errors vary slowly along \strong" connectionsor that some(near) null space
components are given. The aim of ½AMGe is to avoid any such premise in an attempt to broaden its
baseof applicabilit y. This paper presents a theoretical foundation for ½AMGe as well as numerical
results that demonstrate the robustnessof the method.

2. AMGe metho ds and the AMGe measure. Algebraic multigrid methods seekthe solution,
u 2 < n , to the linear system

Au = f ; (2.1)

where A is a n £ n symmetric positive de¯nite (SPD) matrix. The SPD requirement is not very strict
in that minor modi¯cations to the algorithm should allow it to apply to problems that depart at least
somewhat from this case.Yet, the SPD assumption simpli¯es discussion.

AMGe methods also assumeaccessto the set of ¯nite element sti®nessmatrices (and therefore
the set of associated ¯nite elements, E) that arise in Ritz-t ype ¯nite element methods for partial
di®erential equations. Speci¯cally, AMGe assumesaccessto a decomposition A =

P
®2E A®; wherefor

each element ®, A® is symmetric nonnegative de¯nite. AMGe methods do not, however, assumethe
abilit y to createnew ¯nite element sti®nessmatrices that might be usedfor coarserlevels, for example.

The foundation of AMGe methods is built upon the following heuristic:

H: Interpolation must be able to approximate an eigenvector with error
proportional to the size of the associated eigenvalue.

Most algebraicmultigrid solvers rely on the usual AMG ideasof strength of connectiondetermined by
relative sizesof matrix entries, or an implicit assumption that the constant function is smooth. This
heuristic correlatessmooth error only to the eigenvectors of A. The goal of AMGe methods is to use
this more generalizedsenseof smoothnessto build e®ective components for coarse-gridcorrection.

To this end, AMGe uses the element sti®nessmatrices and a measurederived from multigrid
theory to determine local representations of algebraically \smooth" error components. Exploiting the
information available from this measureresults in e®ective interpolation as described in [3].

To make heuristic H more precise,de¯ne the index set P := f 1; 2; : : : ; ng. We refer to the elements,
p, of P asgrid points sothat the coordinates in < n represent the ¯ne-grid variables. Similarly, if nc < n
is the number of coarse-grid points, then the coordinates in < n c represent the coarse-grid variables.
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Now let P : < n c ! < n denote the interpolation operator (that we have not yet chosen). De¯ne
Q : < n ! < n to be any convenient linear projection operator onto Range(P):

Q = PR;

for somerestriction operator R : < n ! < n c for which RP = I c, the identit y on < n c . Note that for any
vector e 2 Range(P), we have Qe = e. Thus, I ¡ Q can be usedto measurethe defect of interpolation
for any Q designedfor our multigrid cycle. Wenow de¯ne a measureof how well heuristic H is satis¯ed:

M (Q; e) :=
h(I ¡ Q)e; (I ¡ Q)ei kAk

hAe; ei
; (2.2)

where h¢; ¢i denotesthe Euclidean inner product on < n £ < n and k ¢k denotesthe Euclidean vector
or vector-induced matrix-norm. (Any other practical inner product could be used here provided A
remains self-adjoint with respect to it.) We call (2.2) the measure of interpolation quality.

M should have a small bound for all e 2 < n nf 0g and for any associated discretization parameters.
A relation between a bound on M and convergencewas proved in [3]: if M · K for all e, then the
two-level convergencefactor is bounded by

· ·

r

1 ¡
1
K

: (2.3)

Therefore, the smaller the bound on M , the better the convergencebound.
Note that AMGe's generalizedsenseof smoothnessresults in the freedomto assumefor convenience

that matrix A is diagonally scaled,so that its diagonal part is the identit y matrix. We will make this
assumption for the remainder of the paper.

3. ½AMGe. The motivation for ½AMGe comesfrom an attempt to choose, in somesense,the
best subspaceto serve as the coarse-grid space. Consider measure M (Q; e) in (2.2), where Q is
the best projection (i.e., the Euclidean projection) onto Range(P) ½ < n . Ideally, we would choose
Range(P) ½ < n of dimension nc so that supe6=0 M (Q; e) is minimized. It is easyto seethen that the
best choice for Range(P) is the subspaceof eigenvectors of A belonging to its nc smallest eigenvalues.
Of course,it would be prohibitiv ely expensive to do this globally. ½AMGe is an attempt to achieve this
objective by choosing local eigenvectors, in analogy to the spectral element method for discretizing
partial di®erential equations.

The notion of an agglomerate, de¯ned simply as a set of elements, is central to ½AMGe. If ¿ is
an agglomerate,then we extend our notation so that A¿ is the sum of the associated element sti®ness
matrices. Note that A¿ is of dimension n £ n, the sameas A, so that it is ¯lled with zerosexcept in
the block of rows and columns corresponding to points p 2 ¿. We also need the local version of this
matrix, sowe de¯ne a \lo calization" operator, Loc(¢), that takesits matrix operand and discardsall of
its zerorows and columnsthat correspond to points not in the agglomerate. Then, for convenience,we
denote Loc(A¿) by A¿ (with ¿ raised to a superscript) and refer to it as a local agglomeratesti®ness
matrix for emphasis.

The basicidea of ½AMGe is to partition the set of elements into agglomerates,then to assemble the
local sti®nessmatrices corresponding to these agglomerates. Eigenvectors of these local agglomerate
matrices corresponding to the small eigenvaluesare then useddirectly (with somemodi¯cations noted
below) as columns of the interpolation matrix.

We should note that the ideasbehind ½AMGe can be generalizedby minimizing a Rayleigh quo-
tient that takes relaxation into account. In the following, we do this for Richardson becausethe
error propagation matrix is I ¡ sA and we minimize hAx; xi =hx; xi . In general, we could minimize
hB x; xi =hx; xi when the error propagation matrix is I ¡ B and B is symmetric, or other choiceswhen
B is nonsymmetric.
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3.1. A two-lev el algorithm. Let G be a partition of element spaceE into agglomerates¿ of the
elements that created A (e.g., continuous piecewisebilinear functions on squareselements). For the
moment, assumethat G has beendecidedon the ¯ne level.

To implement this algorithm recursively, we needto view this structure algebraically. To this end,
considera point, p 2 P, that is in agglomerate¿ 2 G. Then we say that p 2 ¿0 (the interior of ¿) if p
is in no other agglomerate;otherwise, p 2 @¿ (the boundary of ¿).

The following two-level algorithm determines interpolation operator P as a mapping from the
coarsedegreesof freedom determined within each agglomerate to the ¯ne-degreesof freedom corre-
sponding to p 2 P. For this construction, we assumesomeordering of the agglomeratesin G. For the
moment, supposethat the number of coarsedegreesof freedom, m¿, in each agglomerate¿ 2 G has
beenpredetermined. Denote nc =

P
¿2G m¿ for later reference.

1. For each ¿ 2 G, form an intra-agglomerate interpolation operator, P¿, as follows:
² Compute the eigenvector decomposition of local agglomeratesti®nessmatrix A¿.
² From the ¯rst m¿ eigenvectors extendedwith zerosoutside of ¿, form the columns of P¿

corresponding to the coarsedegreesof freedom in ¿; ¯ll the other columns with zeros.
2. To form the global interpolation operator, P, de¯ne the following \partition of unit y": for each

agglomerate¿ 2 G, let W¿ = diag(w1
¿; w2

¿; :::; wn
¿ ) be the n £ n diagonal matrix with entries

wp
¿ = ap

¿=
¡P

¾2G ap
¾

¢
; whereap

¿ denotesthe diagonal entry of A¿ associated with p. Note that
wp

¿ = 0 if p 62¿ and wp
¿ = 1 if p is in the interior of ¿. (While

P
¾2G ap

¾ = 1 becauseof diagonal
scaling of A on the ¯nest grid, this more general form is useful later in the multilev el case.)
The W¿ have the properties that

P
¿ W¿ = I (identit y matrix) and kW¿k = kW¿k¿ · 1. Now

de¯ne the global interpolation operator by

P =
X

¿

W¿P¿: (3.1)

3. Construct the usual Galerkin coarse-gridoperator P T AP .
In what follows, we continue to focus on matrices, vectors, and Euclidean space. Thus, h¢; ¢i and

k ¢k represent the Euclidean inner product and norm, respectively, on the global vector space< n , and
h¢; ¢i¿ and k¢k¿ represent the local Euclidean inner product and norm, respectively, on the local vectors
of node values for agglomerate¿. (When applied to a vector in < n , we take h¢; ¢i¿ and k ¢k¿ to mean
that applied to the restriction of the vector to the agglomerate.)

3.1.1. Analysis of the two-lev el algorithm. The simplicit y of ½AMGe lends itself to a simple
theory. Our ¯rst theorem shows that the coarsesubspacepreserves the null spaceof A. For this
theorem to make sense,we temporarily allow A to be singular. What we really want to concludefrom
this theorem in practice is that the coarselevel adequatelyrepresents vectors that are in the null space
of the operator up to boundary conditions. This property is important for coarseningbecausesuch
near null spaceerror components usually have very small energyand must therefore be approximated
very well by the coarselevel.

Theorem 3.1. Suppose that coarsening includes a basis for the null space of local agglomerate
sti®nessmatrix A¿: m¿ ¸ jNull (A¿)j for every agglomerate ¿, where j ¢j denotescardinality. Then the
null space of A is a subsetof the range of interpolation: if Au = 0, then there exists a v 2 < n c such
that u = Pv.

Proof. Assume that Au = 0: Then, for every ¿ 2 G, we must have that A¿u¿ = 0, where u¿ is
formed from u by zeroing out its entries outside of ¿. Hence,by our assumption on m¿, there exists a
coarse-gridvector, v¿, that is also zero outside ¿ and such that u¿ = P¿v¿. Let v be the coarse-grid
vector that agreeswith v¿ on ¿, for each ¿ 2 G. Then we have

Pv =
X

¿

W¿P¿v¿ =
X

¿

W¿u¿ =
X

¿

W¿u = I u = u:
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Averagingeigenvectorsis usedto ameliorate the con°ict betweeninterpolation formulasat points in
the intersectionof agglomerates.Theorem3.1showsthat prolongation neverthelessexactly interpolates
components of the null space.We now show that the coarselevel approximates all errors in proportion
to their energy: M (Q; e) is uniformly boundedwhenQ is the Euclidean projection. Thus, our objective
is now to ¯nd a small bound, K , for which

kAk inf
² 2 Range (P )

ke ¡ ² k2 · K hAe; ei ; (3.2)

for any e 2 < n . Note, by (2.2)-(2.3), that the two-level convergencefactor is then bounded by

· ·
q

1 ¡ 1
K :

Remember that A¿ denotesLoc(A¿). Let ¸ 1(A¿) · ¸ 2(A¿) · : : : denote its eigenvalues. Finally,
let the maximal overlap in G mean the maximum over p 2 P of the sizeof agglomerateneighborhood
N (p) := f ¿ 2 G : p 2 ¿g.

Theorem 3.2. Assume that the discretization is quasi-uniform in the sensethat the local ag-
glomerate sti®nessmatrices satisfy kA¿k ¸ ´ kAk; for all ¿ 2 G. Assume also that we have chosen
m¿ so well that the local measure is uniformly bounded, meaning that there exists a ± > 0 such that
kA¿k · ±̧ m ¿ +1 (A¿); for all ¿ 2 G, where ¸ m ¿ +1 (A¿) denotesthe (m¿ + 1)th smallest eigenvalueof
A¿. Then, for any vector e 2 < n , there exists a global interpolant, ² , in the rangeof P such that

kAk ¢ke ¡ ² k2 ·
c±
´

< Ae; e >; (3.3)

where, c is a constant that dependsonly on the maximal overlap in G.
Proof. Let e 2 < n be given. Note that our assumption on m¿ is equivalent to the assumption

that, for any agglomerate¿ 2 G, there exists an ² ¿ in the range of P¿ such that

kA¿k ¢ke¿ ¡ ² ¿k2
¿ · ±hA¿e¿; e¿ i ¿; (3.4)

where e¿ is formed from e by zeroing out its entries outside of ¿. We now construct an ² in the range
of P to satisfy (3.3) in a way that corresponds to the construction of P itself: ² =

P
¿ W¿² ¿. To show

that e satis¯es (3.3), we now useproperties of W¿ to concludethat

ke ¡ ² k2 = k
X

¿2G

W¿(e ¡ ² )k2 = k
X

¿2G

W¿(e ¡ ² ¿)k2 · c
X

¿2G

kW¿(e ¡ ² )k2 = c
X

¿2G

kW¿(e¿ ¡ ² ¿)k2
¿

· c
X

¿2G

ke¿ ¡ ² ¿k2
¿ · c±

X

¿2G

hA¿e¿; e¿ i ¿

kA¿k
·

c±
´ kAk

X

¿2G

hA¿e¿; e¿ i

=
c±

´ kAk
hAe; ei :

3.1.2. Cho osing m¿. Our two-level ½AMGe algorithm will use an accuracy/cost measure to
select the value of m¿. The measureconsiderslocal qualities that are assumedto represent the global
characteristics of the algorithm.

Accuracy. The ¯rst component of the measureaddressesaccuracy. We take the convenient premise
herethat coarse-gridcorrection completely eliminateserror in the direction of the ¯rst m¿ eigenvectors,
and that the remaining eigenvectors are reducedby one Richardson iteration with optimal parameter
! . The error propagation matrix in this caseis given in terms of the local agglomeratesti®nessmatrix
by I ¡ ! A¿. This corresponds to the optimal reduction factor of

1 ¡ ! ¸ m ¿ +1 = 1 ¡
2¸ m ¿ +1

¸ n ¿ + ¸ m ¿ +1
=

¸ n ¿ ¡ ¸ m ¿ +1

¸ n ¿ + ¸ m ¿ +1
: (3.5)
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Cost using operator complexity estimate. An estimate of cost, speci¯cally operator complexity,
constitutes the secondcomponent of the accuracy/cost measure.Again, such decisionsare considered
locally, soa measuremust be designedto estimate global cost basedon local information. The premise
is that the local pattern is replicated throughout the domain.

Let ne denote the number of elements per agglomerate. Considering a speci¯c agglomerate,¿, an
estimate of the number of points belonging to ¯ne-grid element ¿f ½ ¿ is given by m¿f := N¿=ne.
Therefore, a two-level operator complexity growth measurecan be de¯ned by

two ¡ level cost := 1 + cop:

Taking multiple levels into account biasesfurther against higher m¿. A p-level operator complexity
growth measurecan thus be de¯ned by

p ¡ level cost := 1 + cop + c2
op + : : : + c(p¡ 1)

op : (3.6)

Re¯ning this estimate to better re°ect the true cost without the arti¯cial choice of p is an area of
active research.

Accuracy/Gr owth-Cost. To optimize accuracy (error reduction) versuscost, we can compute an
estimate of convergenceper work unit (in this case,one¯ne-grid Richardson iteration) using (3.5) and
(3.6):

¹ op := accuracy1=cost =
µ

¸ n ¿ ¡ ¸ m ¿ +1

¸ n ¿ + ¸ m ¿ +1

¶ 1=(1+ cop + c2
op + ::: +( cop )p ¡ 1 )

: (3.7)

Limited numerical tests showed that using the 3-level operator complexity measureto determine m¿

produced the most robust approach. This two-level ½AMGe algorithm producespromising numerical
results (seeSection 3.4.)

3.2. A multilev el algorithm. Given the numerical results of the two-level method, recursion is
a natural step in the development of a multilev el algorithm. We start by describing several temporary
roadblocks that occur after straightforward implementation of such recursion and then discussneeded
alterations that form the full ½AMGe method.

3.2.1. Coarse-grid elemen ts and creep. In ½AMGe, local sti®nessmatrices play a fundamen-
tal role in the construction of multigrid components. In the two-level algorithm, only the ¯ne-grid
element sti®nessmatrices are required. However, when a coarselevel itself must be coarsened,we need
element sti®nessmatrices for that level to enable a local spectral decomposition there. An e±cient
multilev el scheme thus requires somecoarse-gridversion of these local sti®nessmatrices. A natural
¯rst choice is to combine these matrices in somesensibleway into agglomeratesand then form the
coarse-gridelement matrix corresponding to each agglomerate¿ by computing P T A¿P. However, as
shown below, problems can arise with this approach, so we describe several potentially more useful
alternativ es for de¯ning coarse-grid elements. In all cases,construction of the coarse-grid elements
starts with someagglomerateof ¯ne-grid elements. We refer to theseas e-agglomerates to distinguish
them from those usedto construct the interpolation matrix P, which we refer to as p-agglomerates.

Before proceeding, it is instructiv e to intro duce the idea of \creep." This e®ectappears if, for
instance, coarse-level elements are taken as unions of ¯ner-level elements. Then, coarse-level matrices
can exhibit spuriousnull vectors that do not correspond in any way to the global null space.The term
\creep" has cometo describe such a phenomenon.

Creep is an initial pitfall in extending our two-level ½AMGe algorithm to multiple levels. Sincewe
assumethat the null and near null spacesof agglomeratematrices provide a good local approximation
to that of the global matrix (and, in fact, are exact for the null space) and that relaxation cannot
e®ectively reduce such components, incorporation of all such local components in interpolation is
critical to the successof the method. The presenceof creepthen corresponds to an unnecessarilylarge
null spacein the coarse-grid agglomerate. Since we must chooseall local eigenvectors belonging to
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zero eigenvalues if we want (3.4) to hold, then we must have m¿ ¸ jNull (A¿)j. Thus, uncontrolled
creepcan lead to unacceptablecomplexity.

The existenceof creepis easiestto seefrom an algebraicargument. Supposethat we have already
determined the set, G, of p-agglomeratesand de¯ned interpolation P as described in Section 3.1. For
any e-agglomerate° , let M ° be the set of ¯ne-grid degreesof freedom associated with it and M c

° be
the set of coarse-griddegreesof freedom that interpolate to M ° . Now, if jM c

° j > jM ° j, then there
must exist somenonzerocoarse-gridfunction de¯ned over M c

° that interpolates to zero over M ° . (It
should be noted that this is a su±cient but not a necessarycondition for the existenceof creep.) This
meansthat if we construct the coarse-gridelement matrix corresponding to ° in a straightforward way
as Loc(

P
®2 ° PT A®P), then this matrix will have a larger null spacethan the local ¯ne-grid matrix

Loc(
P

®2 ° A®). A large enough m¿ therefore induces creep, which results in even larger complexity
on coarserlevels since jM c

° j tends to increasewith increasingm¿.

3.2.2. Fuzzy elemen ts and creep. To eliminate the spurious null vectors that can arise in the
coarse-grid element associated with the e-agglomerate° , de¯ne the extended e-agglomerate¹° of a
given e-agglomerate° by ¹° :=

S
¿2 X °

¿ where X ° := f ¿ 2 G : M ° \ M ¿ 6= ;g : Since ¹° is itself an
agglomerate,M ¹° is the set of ¯ne-grid degreesof freedomcorresponding to ¹° .

Our goal is to start with a set of e-agglomeratesthat form a partition of the ¯ne-grid elements, and
then extend each e-agglomerate,° , to cover ¹° . This new fuzzy agglomerate contains ° as its core and
¹° n ° as its fuzz. For simplicit y, where it causesno confusion, we still refer to this fuzzy agglomerate
as ° .

We can now form a matrix corresponding to this fuzzy e-agglomerate,where, for generality, we
separatelyweight contributions from its coreand associated fuzz. For example,we can form the matrix
corresponding to the fuzzy agglomeratewith core ° by

Â° = ®1A° + ®2A ¹° n° : (3.8)

In practice, we found it useful to take ®1 = 1:0 and ®2 = 0:5.
One problem here is that, if we just take P T Â° P as the coarse-gridelement matrix, it can include

many more coarse-grid degreesof freedom than if we had used only the agglomerate matrix corre-
sponding to ° , and there is no guarantee that we have eliminated creep. To avoid this di±cult y, we use
a local interpolation operator in place of the global operator P for constructing the element matrix.
In particular, we construct the local interpolation formula, P f uz z

° , exactly as described in Section 3.1,
but with Â° replacing A and X ° replacing G. Thus, arbitration of interpolation for shareddegreesof
freedomis performed only over the p-agglomeratesin X ° . Theorem 3.1 guaranteesthat the null space
of Â° is interpolated exactly by P f uz z

° . Thus, the corresponding coarse-gridelement matrix, de¯ned
by (P f uz z

° )T ¢Â° ¢P f uz z
° , referred to as a fuzzy element, maintains the appropriate null spacewhile

tending to eradicate creep.

3.3. Reducing the dimension of coarse-grid elemen t matrices. Let ° be an e-agglomerate.
We have seenthat the coarse-gridmatrix corresponding to the resulting element (fuzzy or not) has
nonzero rows and columns corresponding to all coarse-griddegreesof freedom associated with each
p-agglomerate¿ 2 X ° . Thus, if there are m coarse-griddegreesof freedomintro duced for each such ¿,
then the size(row dimension) of the coarse-gridelement matrix is m ¢jX ° j. Storageof the elements is
proportional to the squareof this value, while eigenvector/eigenvalue computation of the coarser-grid
p-agglomeratematrices can increaseroughly with its cube. Thus, reducing this sizecan have a large
payo®in terms of both storageand computation time.

While it seemsnatural to use the p-agglomeratesas the cores of the coarse-grid elements, this
almost guarantees that X ° is as large as possible. An alternativ e that can dramatically reduce the
coarse-gridelement size is to stagger the e-agglomerateswith respect to the p-agglomerates.

3.3.1. An algorithm for choosing staggered coarse-grid agglomerates. There are many
ways to choosestaggeredcoarser-gridelements and agglomerates.Here, we describe the approach we
took that seemedthe most compatible with the existing ½AMGe code. Assumethat we are on level
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k and are given level k elements and associated matrices. We start by partitioning the set of level k
elements into the level k + 1 e-agglomerates(element cores). Denote this set by C.

The following algorithm determines the set, G, of p-agglomeratesstaggeredwith respect to the
element cores,° 2 C. In the following, we de¯ne E i := f ° 2 C : i 2 M ° g and Ti := f ® 2 E : i 2 M ®g.

1. For each degreeof freedomi , initialize the weight wi = jE i j.
2. If wi = 0, for all i , then exit. Otherwise, pick i with maximal weight to serve as a seedfor the

staggeredp-agglomerate,¿i .
3. Start the agglomerateby setting ¿i = Ti (the element neighborhood of i ). Extend ¿i by adding

all elements in the interior of E i not already in another p-agglomerate.
4. Set wj = 0; 8 j 2 M ¿i .
5. Let G Ã G[ f ¿i g.
6. Go to step 2.

We can now assemble the local sti®nessmatrices over each p-agglomerate, ¿ 2 G, and de¯ne
interpolation as described previously. Then, we can build the fuzzy elements for each e-agglomerate
° 2 C, and construct the corresponding coarse-gridelement matrices corresponding to the elements
by determining (P f uz z

° )T ¢Â° ¢P f uz z
¿ (as in Section 3.2.2). Note that, at this point, the agglomerate

information is no longer neededand can be discarded, since it is only used in de¯ning interpolation
and determining the element fuzz. It is also possibleat this point to discard the element matrices on
the current level, sincethey are no longer required.

As noted in the previous section, staggeredagglomeratesreducecomplexity and limit creep. This
can be seento someextent in the results presented in the following section, although exposing these
fully would require more extensive tests.

3.4. Numerical results. We apply the ½AMGe algorithm numerically to two illustrativ e exam-
ples: a Poissonequation and a plane-stresscantilever beam,both discretizedwith bilinear functions on
rectangular elements. The Poissonequation is included for instructiv e purposes:while many success-
ful AMG approachesexist for solving Poissonproblems, important facetsof ½AMGe are more readily
illustrated within this context.

While the theory assumesJacobi smoothing, simple Gauss-Seidelwith any convenient ordering is
also a natural choice for relaxation. The numerical tests throughout this section use a V(1,1) cycle
with Gauss-Seidelrelaxation.

Let nk
P denote the number of degreesof freedomon level k and nk

L the number of non-zeroentries
in the level k operator, Ak . Grid complexity is thus given by CP =

¡P m
k=1 nk

P

¢
=n1

P and operator
complexity by CL =

¡P m
k=1 nk

L

¢
=n1

L :
The asymptotic convergencefactor, · , is estimated by applying 20 V(1,1) cyclesto Au = 0 with

random initial guessu0 and computing the ratio of the last two residual norms. We diagonally scaled
A so that its diagonal part is the identit y matrix.

The experiments also use a three-level operator complexity growth measure(¹ op in (3.7) with
p = 3). Additionally , agglomerateswere formed using (3.8) with ®1 = 1:0 and ®2 = 0:5.

The tables display grid and operator complexities as well as estimated asymptotic convergence
factors.

3.4.1. Numerical illustration of multilev el algorithm developmen t. While producing im-
pressive two-level results, the ½AMGe algorithm as detailed in Section 3.2 does not extend easily to
the multilev el case.This subsectionnumerically illustrates the evolution of ½AMGe from a two-level to
a multilev el algorithm. We consider the numerical revelations that propelled mathematical insight in
the research. In particular, we considerthe Poissonequation on a squaregrid discretized with 32£ 32
bilinear functions on squareelements. The boundary conditions are Dirichlet and are eliminated from
the matrix during discretization. Standard 2 £ 2 agglomeration is forced on each level.

Creep. As seenin Table 3.1, the e®ectsof creepare clearly evident asthe level, k, becomescoarser.
Due to the Dirichlet boundary conditions, jNull (A¿)j variessomewhatover ¿ in the domain. Therefore,
Table 3.1 measuresmax¿2G k ¡ 1 (jNull (A¿)j) as an indication of creepin the k-level problem. Note that
we are considering¿ 2 Gk ¡ 1 sincesti®nessmatrices are unnecessaryin the direct solve on level k. The
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k · CP CL jNull (A¿)j
Unstaggered 2 0.04 1.47 1.9 1

elements 3 0.18 1.96 11.1 10
4 0.19 2.85 90.6 98

Unstaggered 2 0.04 1.47 1.9 1
fuzzy 3 0.05 1.60 2.4 1

elements 4 0.05 1.63 2.5 1
Staggered 2 0.05 1.53 2.0 1

fuzzy 3 0.05 1.67 2.2 1
elements 4 0.05 1.71 2.3 1

Table 3.1
The e®ects of creep and bene¯ts of staggering elements in ½AMGe with and without the use of fuzzy elements; for

Poisson's equation discretized with bilinear functions on square elements on a 32 £ 32 grid; k is the number of levels, ·
is the observed convergence factor bound, CP and CL are the respective grid and operator complexities, and jNull (A ¿ )j
is the maximum dimension of the agglomerate nul l spaces.

e®ectof creep on operator complexity alone is evidenceenough for the need of enhancements in the
two-level ½AMGe algorithm.

Fuzzy and staggered elements. The tendency of fuzzy elements to eliminate creep is clearly il-
lustrated in Table 3.1. The use of staggeredwith fuzzy elements is then apparently used e®ectively
to reduce complexity. Such a di®erencein operator complexity is re°ected in Table 3.1 and is even
more noticeable for a more computationally di±cult problem such as linear elasticity. The staggered
approach also involves lesswork in the creation of the fuzzy elements.

Fig. 3.1. Plane-str ess cantilever beam problem.

3.4.2. Applying ½AMGe to linear elasticit y. Developing more robust methods to solve ma-
trix equations that result from systemsof di®erential equationsmotivated research into AMGe meth-
ods. At the focus of current ½AMGe research is the 2D linear elasticity system

uxx +
1 ¡ ¯

2
uyy +

1 + ¯
2

vxy = f 1;

1 + ¯
2

uxy +
1 ¡ ¯

2
vxx + vyy = f 2;

(3.9)

where u and v are displacements in the x and y directions, respectively. Throughout our tests, we use
the value ¯ = 1=2, which yields the Poisson ratio º = ¯ =(1 + ¯ ) = 1=3. The problem, depicted in
Figure 3.1, has free boundaries,except on the left where u = v = 0. We discretized (3.9) with bilinear
¯nite elements on a uniform nx £ ny rectangular array of cellswith spacinghx £ hy . The actual domain
will vary in scale(nx hx by ny hy ).

3.4.3. Forcing agglomerates. To apply ½AMGe to (3.9), the agglomerateswerepredetermined
for each level. We consider the e®ectsof several such choices.

First, considera squaredomain with nx = ny = 32 partitioned with bilinear functions on square
elements (i.e., hx = hy = 1=32). The algorithm forces2 £ 2 agglomerateson each level so that level 5
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k · CP CL

2 0.13 1.52 2.00
3 0.17 1.69 2.32
4 0.17 1.74 2.42
5 0.17 1.77 2.47

Table 3.2
Line ar elasticity discretized with bilinear functions on square elements (hx = hy = 1=32) on a 32 £ 32 grid.

contains only one agglomerate,where the coarse-gridproblem is directly solved. Table 3.2 shows that
promising grid and operator complexities are present throughout the levels.

Sizeof forced
agglomerates k · CP CL

2 0.36 1.74 3.15
1 £ 2 3 0.41 2.06 3.81

4 0.42 2.22 4.13
5 0.43 2.32 4.31
2 0.42 1.75 3.17

2 £ 2 3 0.41 2.20 5.71
4 0.42 2.44 7.64
5 0.42 2.59 9.23
2 0.22 1.71 3.09

2 £ 1 3 0.86 2.04 3.86
4 0.89 2.24 4.36
5 0.94 2.36 4.65

Table 3.3
Line ar elasticity discretized with stretched rectangular elements (hx = 1=32 and hy = 1=(10 ¤ 32)) on a 32 £ 32 grid.

Table 3.3 usesa rectangular domain where stretched (rectangular) elements with an aspect ratio
of 10 : 1 (i.e., hx = 1=32; hy = 1=(10 ¤ 32)) discretized the 32 £ 32 grid. Di®erent patterns for
agglomeration are forced on each level. Forcing 2 £ 1, 1 £ 2, or 2 £ 2 agglomeratesyields acceptable
two-level convergencefactors, which re°ect a certain °exibilit y toward agglomeration in ½AMGe.

Such °exibilit y disappearswhen2£ 1 agglomeratesare forcedfor the 3-level test sincethe 2£ 1 ¯ne-
grid agglomeratesproducecoarse-gridelements with a relatively large number of associated eigenvalues
closeto 0. Such an e®ecton the spectrum of coarse-gridelements doesnot occur with 1£ 2 agglomerates,
which results in more encouragingconvergencefactors. Note that the tests con¯rm standard intuition
in that 1 £ 2 agglomeration producesthe best results of the three agglomeration patterns in terms of
convergencerates and operator complexity.

Next, ½AMGe is applied to a single-element thick 2-D plane-stresscantilever beam. Speci¯cally,
linear elasticity equations (3.9) are discretized with bilinear functions on rectangular elements on a
nx £ 1 grid, with nx = 64 for the tests. The problem is discretized with squareelements (hx = hy =
1=64) and alternativ ely with stretched elements possessinga 10 : 1 aspect ratio (i.e., hx = 1=64; hy =
1=(10 ¤ 64). In either case,2 £ 1 agglomeratesare forced on each level.

½AMGe performswell on the 2-D plane-stresscantilever beamasre°ected in Table 3.4. Acceptable
results are attained when the domain is partitioned using either squareelements or (the more di±cult
to solve) stretched elements. Such robustnessis a notable feature of ½AMGe and bodes well for its
potential to e±ciently solve a larger family of problems.

3.4.4. Selecting agglomerates algebraically . As suggestedby these results, ½AMGe is not
very sensitive to the type of agglomeration chosen. Therefore, there is promise that an algebraic
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SquareElements Stretched Elements
k · CP CL · CP CL

2 0.24 1.51 1.51 0.28 1.75 2.12
3 0.25 1.82 1.88 0.29 2.12 2.65
4 0.27 1.99 2.08 0.32 2.37 3.09
5 0.39 2.09 2.19 0.35 2.52 3.37
6 0.43 2.15 2.26 0.39 2.61 3.54

Table 3.4
Single-element thick 2-D plane-str ess cantilever beam discretized with rectangular elements on a 64 £ 1 grid.

Stretched elements use a 10 : 1 aspect ratio.

algorithm can be designedto select agglomerates. Yet, Table 3.3 suggeststhat a robust algorithm
should still take the operator into consideration.

Initial tests with such algorithms (including the Jones-Vassilevskialgebraic agglomeration algo-
rithm intro duced in [9]) matched or were comparableto the results of the previous experiments. This
shows promise toward the potential of designing a robust agglomeration routine for ½AMGe. The
creation of such an algorithm is an area of active research.

4. Future W ork. ½AMGe, as its simple theory suggests,represents a general approach to al-
gebraic multigrid unhindered by too many heuristics. We have explored only a few of the problems
that might be e®ectively solved by ½AMGe, which, with its generalsenseof smoothness,increasesthe
promise of algebraic multigrid methods to ful¯ll the needsof modern computational simulation.

Designersof algebraic methods such as ½AMGe must choose from a plethora of options. Un-
doubtedly, research into ½AMGe methods will continue and result in enhancements to the algorithm.
Still, the contents of this paper re°ect considerableprogressin the development of scalableiterativ e
methods. Speci¯cally, ½AMGe shows promise in ful¯lling its underlying motivation of providing an
algebraic multigrid solver that broadensthe baseof applicabilit y of algebraic multigrid methods.
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