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Abstract

The inverse of a boundary value problem operator can be expressed using Green's func-
tions. In the discrete casethis is also valid. With this in mind, a preconditioner is constructed
using (approximate) Green's functions . The method is described in detail. Subsequently the
method is tested for a 1-dimensional problem. For grids with local re nements the results are
very good.

1 Introduction

This paper focuseson the use of Green's functions for the construction of preconditioners . As is
well known, the inverse of a boundary value problem operator can be represented using Green's
functions . This holds for the discrete caseaswell. Indeed, for solving alinear system of equations
(implicit) computation of the inverse of the linear operator is required. For iterative methods a
preconditioner is needed, i.e. an approximate inverse. Soit makes sense to use (approximate)
Green's functions to try and nd suitable preconditioners . The preconditioner is constructed in a
natural manner as well, as it makes explicitly use of knowledge of the inverse operator, nhamely
the Green's functions .

The idea of using approximate inverses is not entirely new: see[1] and [2] for a recent survey.
However, our method differs from the approximate inverse techniques in the following way: In
the rst place knowledge of the differential operator is used in the construction of the precondi-
tioner. This is most visible in the use of Green's functions . Secondly, the approximate inverse
technique makes explicitly use of a prescribed sparsity pattern for the preconditioner

This paper is composed as follows. In section 2 we present some preliminaries and describe
the method. Section 3 is devoted to examples in the 1-dimensional case and in section 4 the
2-dimensional caseis briey presented. We condude in section 5 with a complexity analysis and
nal remarks .

2 Preliminaries

Let O = [xp,x1] and let p and q be continuous functions . Consider a linear homogeneous selfad-
joint second order differential operator

Lu=—(pu) + qu, (1)



and assume that u(xo) = u(xy) = 0. After multiplying Lu by a function v € H(‘)(Q), integrating
over Q) and using Green's identities , we have the bilinear form

a(u,v) :j pu'v' + quvdx, Yu,v € H}(Q). 2
Q

Furthermore , for & € Q de ne the linear form Fg as

Fe(u) = L) dzudx, Yu € H(])(Q),

where o is the Dirac delta function. By property of the delta function, we see that

which will be of use later. Note that F; is bounded on Q and that a(u,v) is bounded and coercive.
The conditions for the Lax-Milgram lemma are satis ed. Sowe may condude that there exists a
ge € H}(Q) such that

a(gg,v) =Fe(v), Vv e H(])(Q). 3)

This g; is called the Green's function and satis es the boundary value problem
Lgg = b, 4)

with homogeneous boundary conditions. More details on Green's function can be found in [3]
and [5].

Consider now some discretization of the differential equation in (1) (either by nite elements or
nite differences) resulting in an n x n linear system of equations

Au =T, (5)

For the construction of a preconditioner G for A (G = A”) we like to make use of Green's func-
tions in a discrete manner. For some boundary value problems we explicitty know the Green's
function. In that situation we can sample the continuous Green's function over the grid points
in order to obtain the discrete Green's function. Though, theoretically Green's functions exist,
we only have an explicit formula in afew situations . Furthermore , we want to have the property
in (4) inherited, i.e.

Ag; = e, (6)

where g; denotes the discrete Green's function related to the ith nodal point x;, and e; is the ith
unit vector. Obviously, the g; are the columns of G. Note that because of discretization errors
the discrete Green's function is not necessarily close to the continuous one. Since we are dealing
with (6) we may have to stick to discrete Green's functions .

So, to nd g;, in general we will have to solve (6) for each degree of freedom. As solving (6) equals
solving the original problem (5), this is not recommendable, also since then we have G = AL
Furthermore , since the inverse of a sparse matrix is full in general, G will be full.



Hence, we aim at a less expensive method for computing G. We still use equation (6), though
now restricted to a subset of these equations. Given xi, the ith degree of freedom, and p > 0, we
look at the subintervals [x; ,,xi4,] for all i, provided they are contained in Q. Now, instead of
solving (6), we will solve

AiG; = &;. (7
Here ) )
ai pip * * * *
A= * * aii * * ,
| * oK * o Qitp,itp
and €; is the unit vector of length 2p + 1 with &; ., = 1. The g; thus computed is extended

with zerosto t the original dimension of the problem and to becomethe ith column of G. For
convenience we will call these columns g;; they can be seen as local discrete Green's functions .

If an explicit formula for the Green's functions is available , G can be constructed by sampling
the known Green's function at the points of interest, i.e. in the subinterval [x;_p,Xi4p], Only. The
approximate Green's functions obtained will be called a truncated Green's function. However,
using these truncated Green's functions is not recommendable as such a functions may be a bad
solution of (6) The G obtained in this manner is even no longer positive semi-de nite . Figures 1
and 2 give a graphical interpretation of the local and truncated global Green's function.
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Figure 1: Local Green's function.
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Figure 2: Truncated global Green's function.



3 Green' sfunctions for 1l-dimensional diffusion equations

Let Q = (0,1). In this section we consider the differential equation

—u(x) = f inQ,
u = 0 onoQ. (8)

The Green's functions g; associated to (8) are well known and are given by:

[ x(1=¢&) for x<E§,
95(")_{ (1-x)& for x> & ®)

We investigate the behaviour of the spectral condition numbers of A and AG, k(A) and k(AG)
respectively, for three different types of grids on Q. The rst grid of interest is an equidistant
grid. Secondly we look at two grids with a re nement towards the point 1. The rst of these
two has a re nement factor of 2, so relatively few points are needed to reach the point 1. The
second grid uses a re nement factor of only 1.1, which implies more points are needed to reach
the point 1. On the other hand, because of the larger number of degrees of freedom, this grid
is more like the equidistant grid and will be better suited to make comparisons. The third grid
has re nement areas at 0, 1/2 and 1; this is in fact a 1-dimensional analogue of a brick-mortar
con guration; see gure 7. For all three tests, p shown in the rst column denotes the radius of
the patch on which the local discrete Green's function is de ned. The casep = 0 corresponds to
G = I, sok(AG) = k(A). The results of the tests are shown in tables 1, 2, 3 and 4, and made
visible in gures 3,4, 5and 6. The number of degrees of freedom for the three tests are 2% — 1
(equidistant), k (re nement to point 1) and 4k + 3 (brick-mortar) respectively.

1 dimension, number of unknowns
1 \ 3 \ 7 \ 15 31 \ 63 \ 127 \ 255
1.00 | 5.83 | 25.27 | 103.09 | 414.35 | 1659.38 | 6639.52 | 26560.07
1.00 | 200 | 6.47 | 25.61 | 103.25 | 414.43 | 1659.42 | 6639.54
-11.00| 319 | 1128 | 45.71 | 183.89 | 737.20 | 2950.55
-11.00| 2.00 6.47 | 25.61 | 103.26 | 414.43 | 1659.42
1.58 421 | 16.36 65.95 | 265.05 | 1061.81
- -1 1.33 3.19 | 11.36 4571 | 183.91 737.20
- -| 1.00 2.49 8.40 33.50 | 135.00 541.47
- -| 1.00 2.00 6.47 25.62 | 103.26 414.43
- - - 1.77 5.20 20.20 81.52 327.34
- - - 1.60 4.29 16.36 65.96 265.05

O o|N|oO|g bW N R O|T
1
1

Table 1: k(AG) for 1 dimensional test problem uniform grid.

The condition number k(AG) satis es

kK(AG) =

This is nicely illustrated by table 1 and gure 3.
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Figure 3: k(AG) for 1 dimensional test problem uniform grid.
1 dimension, number of unknowns

| 1] 2] 3] 4] 5] 6] 7] 8] 9] 10

0|21.00 | 350|879 | 19.91 | 42.66 | 88.56 | 180.68 | 365.12 | 734.14 | 1472.26

1 -11.00 | 207 | 262 | 3.73| 453 5.68 6.61 7.77 8.74

2 - -11.00| 183 | 231| 258 3.28 3.88 4.25 4.92

3 - - -] 1.00| 173 | 2.19 2.45 2.59 3.13 3.65

4 - - - -| 1.00| 1.68 2.13 2.39 2.53 2.60

Table 2: k(AG) for a grid with re nement toward 1 with re nement factor 2.
1 dimension, number of unknowns

P 10 \ 20 \ 30 \ 40 \ 50 \ 60 \ 70 \ 80 \ 90
0| 61.33 | 362.44 | 1311.75 | 3936.92 | 10877.22 | 28968.23 | 75944.91 | 197818.78 | 513942.29
1|11.76 | 41.87 86.23 | 140.33 200.44 263.97 329.37 395.75 462.61
2| 5.48 | 18.67 38.36 62.53 89.37 117.71 146.91 176.56 206.39
3| 3.36| 10.58 21.73 35.34 50.53 66.57 83.10 99.86 116.76
4| 2.24 6.90 14.03 22.81 32.59 42.94 53.60 64.41 75.31

Table 3: k(AG) for a grid with re nement toward 1 with re nement factor 1.1.




Results for grid with refinement factor 2
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Figure 4: k(AG) for a grid with re nement toward 1 with re nement factor 2.

Results for grid with refinement factor 1.100000e+00
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Figure 5: k(AG) for a grid with re nement toward 1 with re nement factor 1.1.



1 dimension, number of unknowns

D 7T 1] 15] 19 23] 27 ] 31 ] 35
0 | 25.27 | 72.57 | 196.56 | 500.53 | 1221.90 | 2893.33 | 6696.20 | 15225.86
1 | 6471620 | 38.63| 91.26 | 20558 | 455.37 | 986.01 | 2119.01
2 | 319| 681 1518 3415| 7853 | 17440 | 381.15| 821.69
3 | 200| 400| 882| 17.78| 4021 | 0518 | 209.19 | 443.48
4 | 268 | 562 1122| 2253| 49.11| 112.86| 255.00
5 | 200 400 839 16.34| 32.69| 6840 15246
6 - | 263 531| 1095| 2158| 43.19| 89.36
7 : -| 200| 400| 800| 1619| 3216 64.32
8 - - | 263| 531| 1077| 2147| 4278
9 : - | 200 400| 800| 16.16| 32.09
10 : - : | 263 531| 1066| 2145

Table 4: k(AG) for 1 dimensional brick-mortar test problem.

Results for brick-mortar grid
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Figure 6: k(AG) for 1 dimensional brick-mortar test problem.




The layers of mortar between the bricks
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Figure 7: A 1-dimensional brick-mortar con guration.

For the two tests with the re nement to the point 1, tables 2 and 3 and gures 4 and 5,
we observe an excellent decrease in condition number. As can be expected from the test with
re nement factor of 1.1, this gain is not immediately seen as for small k this grid resembles an
equidistant grid. The behaviour of k(AG) in the last test is somewhat between the rst and
second tests: For large mesh sizes the grid is close to an equidistant grid, and for decreasing
mesh sizes it becomesmore like the grids in the secondtest.

4 Green' s functions in a 2-dimensional setting

In this section we will briey discussthe abovetechniques for a 2-dimensional diffusion equation.
For the time being we consider only Laplace's equation and an equidistant grid.

The method is similar to that for the 1-dimensional case as described in section 1. Given a linear
system of equations that originates from the underlying partial differential equation (Laplace's
equation in our case), we compute the corresponding local discrete Green's function g; for each
nodal point (source point) x; asin (7). These g; constitute the matrix G.

As in the 1-dimensional case let p > 0 be the radius of the patch on which the local Green's
function is to be dened. This means that the best patch would be circular, which is hard to
accomplish on a tensor product grid. Henceforth, we look at two possible choices for the patch,
which both seem reasonable: a box-type patch, and a star-type patch. Figure 8 illustrates these
patches for p = 2. For the box-type the number of points is (2p+ 1), which is slightly larger than
the (p + 1)% + p? points for the star-type. So, we may expect that the box-type to perform a little
better.

o Source point z;

o Source points within the patch

Figure 8: Box-type and star-type patches for p = 2.

The results of the tests are shown in tables 5 and 6 for the box-type and star-type patches
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respectively. We observe a somewhat similar reduction in condition number, as encountered in
the 1-dimensional casefor an equidistant grid:

K(A)
(p+1)%

kK(AG)=C

From table 5 it appears that C ~ v/2.

2 dimensions, mesh size (27)
2] 1741 18] 1/16| 1/32
1.00 | 5.83 | 25.27 | 103.09 | 414.35
1.00 | 1.52 4.53 17.85 71.48
-1 1.00 2.15 7.55 29.81
1.48 4.29 16.50
- - 1.24 2.87 10.62
- - 1.11 2.15 7.42
- - 1.00 1.73 552
- - - 1.48 4.30

N oo~ W NP oIt
1
1

Table 5: k(AG) for the box-type patch.

2 dimensions, mesh size (27%)

12] 1/4] 1/8] 1/16| 132
1.00 | 5.83 | 25.27 | 103.09 | 414.35
1.00 | 2.04 6.87 26.30 | 104.11
-11.35 4.45 18.26 74.06
1.09 2.24 7.69 30.11
-1 1.00 1.82 6.71 27.35
- - 1.36 3.79 14.43
- - 1.23 3.48 13.96
- - 1.12 2.32 8.26

Nolg MW NP o
1

Table 6: k(AG ) for the star-type patch.

5 Final remarks and conclusions

We start with an n x n linear system of equations. For each degree of freedom we have to
construct the corresponding local discrete Green's function. Let p be the radius of the patch
on which the local Green's function has to be de ned. Then, for computing each local Green's
function, a (2p + 1) x (2p + 1) linear system of equations needs to be solved. If this system is
solved directly , i.e. by LU decomposition, then the costwill be approximately of O(8p3+ 10p?) for
each Green's function. If e.g. p = 1 then the total computational cost for the construction of G
will be O(20n).



Complexity analysis for the 2-dimensional casecan be carried out in a similar way.

Next we will briey discuss the effect of preconditioning using Green's functions on iterative
methods. For simplicity we make comparison between the standard conjugate gradient and the
preconditioned conjugate gradient only. The cost for determining G is approximately 4 times
that of CG step only.

As is well known, the rate of convergenceis determined by the ratio

v K(A) =1
NISESE

This ratio appears in the bound for the norm of the error (see[4]):

(10)

K(A)—1
VK(A)+1

where €e° is the initial error, and eX is the error at the Kth step of the iterative method.
For the equidistant grid in section 3 we saw a reduction of k(A) by (p + 1)2. Is is easily veri ed
that the convergencerate in (10) is replaced by

VKA)=(p+1)
VKA +(p+1)

For small p it is clear the gain in computational speedis visible only for large K, whereas uti-
lizing a large p will require more memory allocation for G and higher computational cost for
constructing G.

However, if we look at the grid with re nement towards 1, and with re nement factor 1.1, we
can seea great improvement. For k =80 and p = 1, we have

k(A)
k(AG)

2 2 2
le¥iz < ( )7 11€°l1,

~ 400.

Then (10) reduces by more than 8%. For example, if we would like [[e¥||z < 107%, then K = 40;
without preconditioning we would have K = 750.

In this paper we have constructed a preconditioner based on discrete local Green's functions . For
several 1-dimensional examples we have implemented and tested this method. Especially for
the grids with local re nements the results are good and promising . In two dimensions a rst
start has been made, and we hope to see similar results for grids with local re nements as we
have seenin the 1-dimensional setting .
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